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ABSTRACT

Theory of the transfer of electronic excitation energy,
or electronic charge, between quantum dots is presented.
Kinetic equation describing this irreversible process is
developed using quantum transport approach. The non-
adiabatic property of the electron coupling to the atomic
lattice vibrations is used. The applicability of the trans-
fer approach to the case of the so called uphill or down-
hill transfers is shown. Theoretical approach is illus-
trated by numerical calculations showing the transfer
between two quantum dots.

Keywords: exciton transfer, electron transfer, electron-
phonon interaction, quantum dots, irreversible quantum
transport.

1 INTRODUCTION

The process of the electronic charge transfer between
two non-overlapping subsystems was some time ago sol-
ved theoretically by R. A. Marcus [1]. Using a some-
what different, though simple, an approach T. Förster
([2], see also ref. [3] for a later development) introduced
his formula for the determination of the electronic ex-
citation transfer rate in the form of an overlap of two
excitonic spectral densities. Both the transfer theories
used the Golden Rule formula for the treatment of the
irreversible transport problem. Both theories appear to
be well established and those who use them in applica-
tions, for example chemists, appreciate the relative ease
of their use. The formula due to Marcus was recently
subject to a criticism from the point of view of the en-
ergy conservation [4] during the charge transfer. The
theory of Förster was basically formulated for the case of
the so called resonance transfer, in which the excitation
energies of the donor and that of the acceptor are suf-
ficiently close to each other. In the experiments about
the photosynthesis we can deal with the effect of the
uphill energy transfer, in which the difference between
the acceptor excitation energy and that of the donor
subsystem [5] is quite large. Within the biological ob-
jects the uphill electron transfer reactions are regarded
as existing [6]. Basing on the above given remarks the
processes of the charge or energy transfer may deserve
an additional attention.

The problem of the electronic energy relaxation was
some time ago treated with using the electron-phonon
interaction taken into account in an approximation go-
ing beyond the limits of the finite order perturbation
calculation (see e. g. [7, 8]), treating the system under
consideration as a two-level system with one fermion in-
teracting with phonons. We are going to use a similar
approach to the study of the electron or exciton trans-
fer between two subsystems which are relatively well
separated in space. Concerning such a two-level one
fermion system some attempts were performed already
to include the electron-phonon interaction in the elec-
tron/exciton transfer process (e. g. [9, 10]).

In this paper we present a version of the electron/ex-
citon transfer theory in which the pure electronic trans-
fer matrix element is treated as the weakest part of the
interaction Hamiltonian of the whole system. The the-
ory is developed for the case of the exciton transfer be-
tween two quantum dots. Similar steps of the derivation
lead to the scheme suitable for electron or hole transfer
between quantum dots.

2 THE HAMILTONIAN OF THE
SYSTEM

We solve the simple case when each one of the quan-
tum dots has its electronic ground state and one excited
state. Using the exciton language we say that there is
one exciton in the quantum dot no. i, i = 0, 1 when the
quantum dot is in the electronic excited state. We re-
strict the physics of the whole system to the case when
there is only one exciton in the whole system. With
excitonic particle operators the Hamiltonian of the elec-
tronic system of two quantum dots is written as

He = E0c
+
0 c0 + E1c

+
1 c1, (1)

where c0 is exciton annihilation operator in the quantum
dot number 0. The quantities E0 and E1 are respectively
the exciton energies at the quantum dots no. 0, 1. These
exciton energies can be generally different one from an-
other. We shall formulate the exciton transfer theory
for the case when the difference of the exciton energies
is either zero or has any real value. The exciton can be
assumed to be placed say at the quantum dot 0 at the
beginning and we could wish to follow the process in
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Figure 1: Exciton transfer rate between two quasi-zero-
dimensional systems as dependent on the difference be-
tween the exciton energies on the two sites. Full line
calculated at 50 K, dashed line at 300 K.

which the exciton is being transferred in an irreversible
way for this quantum dot to the other quantum dot with
index 1. In the Förster’s theory it is assumed the mech-
anism allowing for the pure exciton transfer of a matrix
element of the coulomb electrostatic interaction, in par-
ticular its dipole-dipole part. In order to simplify the
presentation of the results we will speak about a matrix
element t allowing for the pure electronic part of the
exciton transfer between the two quantum dots, leaving
the details of the relation between the dipole-dipole in-
teraction and the exciton transfer matrix element t to a
later discussion. Formally the part of the total Hamilto-
nian responsible for the pure excitonic transfer between
the dots is following:

Ht = t(c+0 c1 + c+1 c0). (2)

As it is known, generally the exciton particle operators
can obey rather complicated commutation relations. Be-
cause of the above given enumeration of the states of the
electronic systems of the dots under consideration, and
because we assume that the exciton is only one in the
whole system, we can apply the fermion commutation
relations for the exciton particle operators in the present
case.

The interaction of the exciton with the oscillations
of the atomic lattice will be included into the complete
Hamiltonian, because the multiphonon states give us
the possibility to deal with a continuum of energy [11].
Because in the present case we have only one orbital ex-
citon state per quantum dot, we include only the trans-
verse part of the exciton-phonon interaction. In this in-
teraction the exciton occupying i-th dot couples to the
intra-dot optical vibrations of this same i-th quantum
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Figure 2: Dependence of the exciton transfer rate on
temperature.
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Figure 3: Dependence of the exciton transfer rate on
parameter t of the pure electronic transfer mechanism.

dot:
He−ph = He−ph,0 +He−ph,1, (3)

in which the electron-phonon interaction in the i-th dot
is

He−ph,i =
∑
qi

A(i)
qi
Φ(i, i,qi)(bqi

− b+−qi
)c+i ci. (4)

for i=0,1.
The symbol qi denotes the qi-th bulk optical vibra-

tional mode in the i-th quantum dot and bqi is the an-
nihilation operator of the phonon in that vibrational
mode. The summation includes all these modes in the
particular quantum dot. Because of the lack of our
knowledge of the values of the coupling constants giving
the exciton-phonon interaction to the optical phonons of
quantum dots we assume the functional form of the cou-
pling operator to be identical with that of the electrons
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in the lowest energy conduction band bound states in
a quantum dot, neglecting in this way the hole-phonon
scattering of the hole part of the excitonic particle. These
effects are postponed to other studies. In the numeri-
cal calculations we use the material parameters of CdSe
nanocrystal of cubic form with infinitely high potential

wells. In Hi the quantity A
(i)
qi is the coupling constant

of the Fröhlich’s coupling in the i-th dot and Φ(i, i,qi)
is the form factor allowing for using the interaction op-
erator in the i-th quantum dot [7, 8]. The Hamiltonian
operator of the free phonons is Hph = Hph,0 + Hph,1,
where

Hph,i =
∑
qi

ELO,ib
+
qi
bqi , (5)

is the free phonon Hamiltonian of the i-th dot. The
symbol ELO,i is the energy of optical phonon in the i-
th quantum dot. The total Hamiltonian then is H =
H0+H1+Ht, where we denoted the Hamiltonian of the
i-th dot as

Hi = Eic
+
i ci +Hph,i +He−ph,i. (6)

3 LANG-FIRSOV
TRANSFORMATION

For example, the single dot Hamiltonian operatorHi,
for the quantum dot with index i=0, reads

H0 = E0c
+
0 c0 +

∑
q0

ELO,0b
+
q0
bq0 +He−ph,0. (7)

This Hamiltonian shows that one can remove the exciton-
phonon interaction from it by applying the well-known
Lang-Firsov cannonical transformation [12]. This trans-
formation transforms the original exciton operators ci
into new fermionic operators Ai. Upon making this
transformation one observes that the innitial purely ex-
citonic operator Ht gets a new form, which now depends
on the new particle operators of the optical phononsBqi .

The new form H
(LF )
t of the exciton transfer operator Ht

can be written in the form

H
(LF )
t = tA+

1 A0 exp

[∑
q0

γ0q0(B0q0 +B+
0,−q0

)

]

× exp

[
−
∑
q1

γ1q1(B1q1 +B+
1,−q1

)

]
+ h.c. (8)

As formula (8) shows, the applied Lang-Firsov transfor-
mation on one hand removes the interaction of the exci-
ton with the intra-quantum dot vibrations, while on the
other hand introduces a new operator, having the mean-
ing of an inter-quantum dot exciton transfer combined
with emissions or absorptions of a vibrational modes on
either of the interacting quantum dots. We prefer to
confine ourselves to the zero-th and the first orders of

the expansion of the exponential functionsin powers of
exciton-phonon interaction γiqi in (8). It is important
to underline that in the present theory of the exciton
transfer we neglect completely the zero order term of
this expansion, namely the interaction part

H
(0)
t = t

(
A+

1 A0 +A+
0 A1

)
. (9)

The complete neglecting of the interaction (9) means
that we ignore a certain effect of coherence in the ex-
citon transfer between the quasi-zero-dimensional sub-
systems. The neglecting of (9) corresponds to a simi-
lar approximation done by Förster [2] when making the
derivation of his formula, and in fact such an approxima-
tion is actually understood to be performed by Marcus
[1] in the course of the development of his approach to
the electron transfer. After elaborating the details, one
can see that the remaining new exciton-phonon coupling
operator has only a longitudinal part of the interaction
with the meaning that a phonon is emitted or absorbed
while the exciton changes the quantum dot site. The
corresponding details of the derivation of the present
exciton transfer rate formula will be given elsewhere.

4 TRANSFER RATE

Upon performing the Lang-Firsov transformation we
were able to change the transfer rate process to the
problem of the fermion energy relaxation in the two-
energy-level system with the electron-phonon interac-
tion. The exciton transfer between two quantum dots is
then transformed into the task of solving the problem
of an irreversible transition of a fermion, or an electron,
within the two-level system. The latter two-level sys-
tem was suggested earlier to be solved in self-consistent
Born (SCB) approximation to the electron-phonon in-

teraction, in the present case to the interaction H
(LF )
t ,

see [7, 8]. The references [7, 8] contain a more detailed
description of the solution of the two-level problem with
using the nonequilibrium Green’s functions and quan-
tum kinetic equations.

The final result of the present work is the formula
for the exciton transfer giving the rate of change of the
mean occupation N1 of the occupation of the state no.
1 providing that the occupations of the two states is N0

and N1, N0 +N1 = 1,

dN1

dt
= 2π

h̄ α01 [(N1 (1−N0) + νLO (N1 −N0))C−

− (N0 (1−N1) + νLO (N0 −N1))C+] , (10)

in which α01 depends on coupling constant of the exciton-
phonon coupling and the transfer coupling parameter
t. Here C± are convolutions of two energy E depen-
dent spectral densities of the two exciton states, C± =∫∞
−∞ σ1(E)σ0(E ± ELO)dE. The two spectral densities
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are given by the nonequilibrium Green’s functions cal-
culated in the SCB approximation to the exciton self-
energy. Note that although the present formula is sim-
ilar to that developed by Förster in the presence of the
convolution of the spectral densities, there is the differ-
ence in the mutual shift of the two spectral densities
along the energy E parameter by the phonon energy in
the present formula. The present approach gives the
transfer rate for any difference between the two unper-
turbed exciton energies E0 and E1. The present ap-
proach gives the transfer rate for both the cases, down-
hill transfer and also for the uphill transfer.

5 NUMERICAL

The numerical calculations are performed for two in-
teracting CdSe quantum dots of cubic shape with in-
finitely high potential walls. The exciton-phonon in-
teraction was taken as identical with the coupling of Γ-
valley conduction band electron of the dot with the CdSe
optical phonons (Fröhlich’s coupling). For the sake of
simplicity, the energy difference ∆E between the un-
perturbed exciton energies on the two quantum dots is
treated in the present model as an input parameter. Fig.
1 shows the exciton transfer rate to the quantum dot no.
1 for exciton originally occupying the site no. 0 for the
difference between the exciton energies from interval -
150 meV to +150 meV. The parameter t is chosen 10
meV in Fig. 1. We observe certain resonances to occur
at energy differences close to optical phonon energies (25
meV).

Fig. 2 shows the temperature dependence of the ex-
citon transfer rate between two quasi-zero-dimensional
systems with equal exciton energies, and with t=10 meV.
The exciton is assumed to occupy one site. The rate of
the transfer to the other quantum dot is calculated. We
see that near absolute zero of temperature the trans-
fer rate is nonzero and temperature independent. We
interpret this effect as being due to a correlation be-
tween the motion of the exciton the phonons, as given
by the presently used self-consistent Born approxima-
tion to the exciton self-energy. In Fig. 3 we show the
parameter t dependence of the exciton transfer rate be-
tween the quasi-zero-dimensional nanostructures in the
state when the exciton fully occupies the original quan-
tum dot site. The calculation is done at the temperature
of 300 K and at equal exciton energies.

6 CONCLUSIONS

The theory presented uses the approximation in which
the multiply scattering exciton leads to virtual multi-
phonon states, due to which the downhill and uphill pro-
cesses may appear to be allowed in the off-shell trans-
fer rate formula. We present the irreversible exciton
transfer theory between two quasi-zero-dimensional na-

nostructures, which should be applicable not only for
a resonance transfer but also for downhill and uphill
transfer processes with any difference between the ex-
citon unperturbed energies. It is straightforward to see
that this transfer theory should equally well be appli-
cable to the irreversible transfer of electron or a hole
between two quasi-zero-dimensional subsystems.

The present paper deals with the transfer process
which can be regarded as being incoherent in the sense
similar to that ascribed usually to the well-known for-
mula of Förster. This means that the pure electronic/ex-
citonic transfer mechanism is not strong enough to cause
any remarkable splitting of the electron/exciton eigen-
state energies of the two interacting nanostructures.
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