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ABSTRACT

The single-electron spectrum is studied in the two-
dimensional quantum rings (a<<R, a, R- inner and

outer radii of the ring, respectively). It is shown that under
certain circumstances, the system establishes quantum
states that are close to the well known problem in quantum
mechanics such as the fall of the particles on the center in
the influence of a single central force, where, however, the
presence of the inner boundary stabilizes the new ground
state.
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1 INTRODUCTION

The quantum rings are investigated due to their
properties, non-simply connected topology and the growing
interest is supported essentially by the progress in the
fabrication of the assembled double ring structures and
devices that can be used with wide range of applications in
nanoelectronics. It is known that the electronic spectrum of
many meso- and nano-systems essentially depends on the
details of the geometry. An interesting example of such
systems is the one-dimensional ballistic quantum ring in the
presence of transverse magnetic field [1]. The presence of
Aharonov-Bohm flux leads to the destruction of the
symmetry of the "left - right", which results in possible
existence of persistent currents in this system [2]. The
physical quantities characterizing the quantum ring depend
periodically on the magnetic flux. It is important from the
geometry point of view notice that the systems with double
bound states can also exhibit an interesting physical
behavior [3,4]. Here we consider the two-dimensional (2D)

- guantum rings with radiia << R . In addition, the ring
can contain either one or two quantum well sectors (see Fig.
1). In the case of a one well geometry the system consists of
two adjacent truncated sectors and in the case of two wells
— there are four sectors. In both cases, under certain
conditions, this gives rise to states similar to the problem of
the fall in the center of the particle [5], but the presence of
the inner boundary trims endless oscillations of the wave

function, causing a formation of a new ground state. We
here study a one electron energy spectrum the dependence
on the geometries of the rings (size, shape and etc.) and
show that the spectrum of electron states in the 2D ring is
qualitatively different from that of 1D - ring. The solution
of this problem is also important to classical physics, since
many forces such as gravity or a two-body problem with
forces along the line connecting the two bodies can be
reduced to a central-force problem.

2 QUANTUM RING STUCTURES

The two possible quantum ring structures are shown
schematically in Fig. 1 where electrons are confined in all
spatial dimensions. As a potential interaction of the electron
with a quantum well we choose the following
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For the construction of quantum states we impose the
following boundary conditions:

4 (O,I’) =¥ (27z,l’); ¥\ (0’ r) =y (27[’ r) vr o (2a)
¥ ((00’ I’) =¥ ((Po’ r); v, ((001 r) =V ((po’ r) vr, (2b)

where the indices | and Il numerates (0,¢p,) and
((p0,27z—(p0) regions, respectively. For simplicity, we can

ignore the possible difference of the effective masses in |
and Il regions. Moreover, we consider a rigid boundaries,
ie.,

v, (2. R)=y, (p.R)=v, (p.a)=y, (p,2)=0, Vo. (3)

Schrédinger equation of this problem is separable, but in
general it is difficult to satisfy to the boundary conditions
(2) and (3), so the adiabatic approximation is used to get
solution. The wave function is searched in the

formy (r,@) =y, (r,@)w,(r), where y, (r,¢)satisfies
the equation

NSTI-Nanotech 2013, www.nsti.org, ISBN 978-1-4822-0584-8 Vol. 2,2013 505


mailto:saakyan@gmail.com
mailto:armen.kocharian@calstatela.edu
http://en.wikipedia.org/wiki/Two-body_problem

_ n oy,
2mr? 0¢°

V((P)Vll =&y, 4

In quantum rings (Fig. 1), electrons are confined to move in
one- or two-sector quantum wells separated by an angle ¢,
in space.

Figure 1: A schematic picture of the
quantum ring with a) one and b) two sectored

After substitution into the Schrédinger equation and simple
transformations, we obtain an equation for the wave

functiony, (r)
2

h A
_%Arl//z + ‘9(r)‘//2 =Ey, +Cy, ()

where A, - the radial part of the 2D, C - Laplacian
operator of nonadiabaticity [6]. Further we can neglect
term Ct//2 , by considering the conditions under which it is

possible. Thus, the system can be divided into a "fast"
(azimuthal degree of freedom) and "slow" (radial) motions.
Solving (4) with boundary conditions (2) the dispersion
equation is reduced to

2 2

-A
h(ub)cos(Agp, )+ 2
ch(ub)cos(Ag,)+ 20

sh(ub)sin(1g,) =1,

b=27-¢, (6)
the solution of which coincides with the dispersion equation
for the Kronig-Penney model with a single zero value of the
Bloch wave number. Hence the behavior of azimuthal
degree of freedom equivalent to the behavior of a particle in
an infinite periodic potential, described as quadrupeds
Bloch wave functions with the only difference: these states
correspond to the center of the Brillouin zone. In (6) the
following notations are introduced

1 1
ﬂzgx/ng, yzE,IZm(U —¢) 7

Solution of (6) is chosen in the
forme=U -6, o0<<U, ie., looking for a weakly
bound state. The result is

An?
— ®)
me,r
which represents the effective potential field acting on the
radial degree of freedom ("slow" subsystem). Then, solving
the equation (5) with (8), for the internal (bound) states:

e(r)=uU-

w,(r) ~sin(ﬂln£),

2n° 1(7
E=U- 7 EXp{E(EJF 20— Z;rnﬂ ©)]
a=A(1+iB), B= 2%/(/70, A(z)- Gamma - Euler

function - runs through the integer numbers.
For the above well (unbound) states we get

wz(r)~sh(ﬂln£),

2 a 2
E=U+ +pIn—+7zn |,
2mR? (§ p 2R )
tgé = th%. (10)
The expression 1 __, .1 for the wave functions in (9)
R a

and (10) is valid close to the inner edge of the ring, and, in
addition, that in (8) and (8) give only thee part of the
spectrum.

From comparison of (8) and (9) one can see that the
guantum states inside and outside of the well are very
different. Thus, the intra-well states oscillate and these
oscillations are terminated at the inner boundary implies
that there is a new ground state. The time dependent wave
function does not oscillate out of well region, and the
spectrum resembles the spectrum of the infinitely deep well
with a shifted quantum number.

3 TWO SECTORIAL QUANTUM RINGS

Let us briefly consider a model with two-sector
quantum wells separated by an angle ¢,. Because of the
circular symmetry of the system we can write it in form

U (r,¢)=—$ io [5(¢—2ﬂn)+5(¢—¢0—27m)]: (1)

where U - the typical depth of the well, R - the outer
radius of the quantum ring. The qualitative picture of the
electron behavior in this system is the following: on a long
distance from the inner edge of the electron is localized on
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the azimuthal degree of freedom at the level &, in a single

O potential well. By approaching the inner boundary the
wells are getting closer and the tunnel level splitting

&, increase. The lower level continues to go down as one
approaches to the inner boundary by reducing the tunneling
length, i.e., rg,. Thus, this implies that the penetration of

the electron into the inner boundary region is energetically
favorable. On the other hand, the existence of the internal
boundary suppresses the process of penetration, which
results in a new ground state of the system.

As in the first problem here is used an adiabatic
approximation to solve a problem. The states corresponding
to the azimuthal degrees of freedom are constructed by
taking into account the boundary conditions

v1(+0)— 1 (-0) +ay, (0) =0,

1 (95 +0) =1 (9, —0) + aw, (¢,) =0

2mUR
v (o) =vi" (@), a= pEa

Then the effective potential of the field for the radial degree
of freedom is

(12)

2h°
Ey(r)=¢ T U
(13)
2mU 2R?
T

The solution of the Schrodinger equation for the radial
degree of freedom is given with the boundary condition,

w,(a)=w,(R)=0, leads to the following final energy
spectrum of the system: there is one energy level that is

below the localization energy &,
2

h
E=c, — In? ctg&,
° 8mR? 9<
Lz
a 4’
an*
= 14

The wave function corresponding to this energy level near
the inner boundary has a form

w(r)~sinﬂ% (l—lj. (15)

a r

2 %
En=<90+h—2 ﬂ—+7zn , h=0,£1.. (16)
2mR a
4 CONCLUSION

The above two problems can be combined as follows:
the ground state of these two systems due to the two factors
one is the competition of particle incident on the center, and
strong repulsion on the inside edge of the ring. In both cases
the condition for the applicability of the adiabatic
approximation is ¢, << 2z and the shallower depth of the

guantum well. In a problem with one well, this leads to the
existence of a single level, which due to tunneling is
splitted into two, one of which remains in the well. It is

known that one attracting o - well contains one level, then
the adiabatic condition leads to a rather large tunnel
splitting of this level, i.e., to the large value of the tunneling
frequency - this is what makes the azimuthal degree of
freedom "fast". As a result, the radial degree of freedom
turns out to be under the influence of an attractive effective

central potential, U, ~—r"" (;/ =2 4), which leads to the

emergence of radial states close to falling to the center. In
both calculated cases, the energy spectrum has the
following features: the dispersion is not symmetric

£(n)=&(—n) (in the second problem it is not related to

the ground state). This spectrum asymmetry may lead to the
existence of persistent currents in the two-dimensional ring.
In one-dimensional rings similar situation may occur only
in the presence of the transverse magnetic field (flux) in the
system. The physical properties of such quantum rings with
central potential can be modeled and continuously tuned by
changing the geometry (radiuses and angles), making them
ideal candidates for applications in future electronic
devices.

REFERENCES

[1] Y. Ymry Introduction to Mesoscopic Physics. Oxford
Univ. Press, 2002.

[2] H-F. Gheung, Yu.Gefen, E. K. Riedel, W.-H.Shih.
Phys.Rev.B. v.37, N11, 1988.

[3] D. Sharvin, Yu. Sharvin. JETP. Lett. v.34, p.272.1981.
[4] N. Byers, C. N. Yang. Phys. Rev. Lett., V.7, N2, 1961.
[5] L. D. Landau, E. M. Lifshitz. Quantum Mechanics,
Pergamon Press, London, 1977.

[6] E. Vogt, G. H. Wannier. Phys.Rev. v.95, 1951.

[71 M. Born, K. Huang, Dynamical Theory of Crystal
Latticies, Oxford Univ. Press, 1998.

[8] T. Mano,T. Kuroda, S. Sanguinetti,T. Ochiai, T. Tateno,
J. Kim, T. Noda, M. Kawabe, K. Sakoda, G. Kido, and N.
Koguchi, Nano Letters 5 425, 2005.

NSTI-Nanotech 2013, www.nsti.org, ISBN 978-1-4822-0584-8 Vol. 2,2013 507





