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ABSTRACT

The electron localization and tunneling in semicon-
ductors quantum rings (QR) (single and double) are
studied within framework of the effective approach. We
visualize effect of electron transition between rings oc-
curring in double concentric QR (DQR) under influence
of the transverse magnetic field. Anti-crossing of lev-
els is the mechanism for this transition. Another type
of tunneling occurs in single QR where shape geomet-
ric symmetry is violated as it is in well-known Bohigas
annular billiard. We propose an interpretation of the
experimental data (PRL 84, 867, 2000) where ”first ex-
perimental evidence for chaos-assisted tunneling” in a
microwave annular billiard was reported. We show that
this effect can be explained by inter-band tunneling that
occurs due to the anti-crossing of the levels having dif-
ferent ”radial” quantum numbers. The same effect oc-
curs in the symmetric shape QR placed in a longitudi-
nal electric field. The electric field violates the up-down
summery of the QR and creates the condition for such
tunneling.
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anti-crossing of levels, tunneling, localization

1 INTRODUCTION

Tunneling and Chaos are inalienable phenomena in
the meso- and nano world. Technology itself with its im-
perfection of shapes of Quantum Dots (QDs) and Quan-
tum Rings (QRs) provides the chaotic behavior in the
QD and QR [1] what has a strong influence on their
transport and other properties. As a cause of the chaotic
properties may be violation of the QD and QR shapes
or effect of the magnetic or electric fields creating the
situation when there is nonidentical parts of the quan-
tum objects. Also it can be fluctuation of the materials
preparation (QD/substrate) due to the irregular mixing
QD and Substrate materials. As an example of the non
identical pair of the quantum objects of such kind one
can consider concentric double QR [2]. The shapes of
the inner ring and outer ring are strongly different due
to their concentric configuration [3]. In the magnetic
field which vector B is perpendicular to plane, the de-
generacy of DCQR electron spectrum is canceled due to

the Zeeman-effect. Energy levels can be crossed when
the magnetic field magnitude is changing. Each of two
crossing levels corresponds to the outer or inner ring
[4], [5]. There are anti-crossing levels which corresponds
to the crossing of the level with similar symmetry of
the wave function. It can be levels with different radial
quantum number and the same orbital quantum num-
ber. In Ref. [4] we shown that the the level anti-crossing
can be accompanied by electron transition between the
outer and inner rings.

Another type of tunneling occurs in single QR where
the shape symmetry is violated as it is in well-known
Bohigas annular billiard [6]. Related experimental data
for a microwave annular billiard was reported in Ref. [7]
as ”first experimental evidence for chaos-assisted tunnel-
ing”. Against to the interpretation given in Ref. [7], we
show that observed effect can be explained by inter-band
tunneling that occurs due to the anti-crossing of the
levels having different ”radial” quantum numbers. The
same effect occurs in the symmetric shape QR placed
in a longitudinal electric field. The electric field vio-
lates the up-down summery of the QR and creates the
condition for the tunneling.

2 MODEL

We study lateral quantum rings composed of InGaAs
in a GaAs substrate using the kp-perturbation single
sub-band approach with the effective potential [8]. The
values m*=0.024 m0 and 0.067 m0 are used for the bulk
value of the electron effective mass in the materials of
QR and substrate respectively. The confinement po-
tential Vc (r) is zero in the dot and 0.594 eV in the
substrate. The effective potential of 0.21 eV is used
to simulate effects of strain potential [4], [8]. When
the QR is placed in the magnetic field B the poten-
tial VB has to be included into the Hamiltonian. The
magnetic field term (transverse magnetic field in the z
direction B = Bẑ) of the Schrödinger equation is writ-
ten in cylindrical coordinates as follows [4]: VB(ρ) =
h̄lωc

2 +
m∗ω2

cρ
2

8 . Electron wave function is written as fol-
low: Ψn,l (ρ, z, φ) = Φn,l (ρ, z) e

ilφ, where n = 1, 2, ...
are radial and l = ±0,±1, ... are orbital quantum num-
bers. ωc = |e|B/m∗ is the cyclotron frequency. First
magnetic field term in the equation is orbital Zeeman
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Figure 1: The double concentric quantum ring shape.
The size is given in nm.

term, the second - diamagnetic term. The electron spin
Zeeman effect has been ignored here since it is small. We
consider also situation when the QR is located in The
longitudinal electric field F acting along the y-direction.
Corresponding potential Ve can be written (in the Carte-
sian coordinates) by the following form Ve = cFy, where
c is a constant.

Spatial localization of a single electron in these ob-
jects is defined by the σ-parameter. Probability of lo-
calization of electron into region Ωγ (γ=1, 2) is defined
by Nn,γ =

∫
Ωγ

|Φn (x, y) |2dxdy, where Φn(ρ, z) is wave

function of electron, n is the number of the state, and
Ωγ (γ=1, 2) are dictated by the QD shapes. The tunnel-

ing measure parameter is σ =
Nn,1−Nn,2

Nn,1+Nn,2
, with the range

of [-1,1]. When σ=0, the electron is in QD1 (Ω1) and
in QD2 (Ω2) with the equal probability (QD1 and QD2
have the same shape). Electron wave function covers
whole system. The σ=1 (σ=-1) corresponds to the case
when the election is strongly localized in QD1 (QD2).

3 DQR IN MAGNETIC FIELD

In weakly coupled DCQRs in the transverse mag-
netic field B, the situation can be occurred when the
single electron energy levels associated with different
rings may be crossed. To avoid degeneracy, the anti-
crossing of these levels has a place. It may be accom-
panied by the electron transition between rings under
influence of the magnetic field. In [4] we visualized this
features occurring in DCQR composed of GaAs in an
Al0.70Ga0.30As substrate. Geometry parameters of the
DQR are presented in Fig. 1. It is important to note
that the transition between levels occurs for the levels
with different radial quantum numbers n and the same
orbital quantum numbers l.

Electron transfer in the DCQR considered is induced
by external factor like a magnetic or electric fields. Prob-
ability for this transfer strongly depends on the geom-
etry of DCQR. The geometry has to allow the existing
the weakly coupled electron states. To explain it, we
note that DCQR can be described as a system of double
quantum well. It means that there is splitting of energy

spectrum on two sub-bands relative the one for single
quantum object. In the case non interacting wells (no
electron tunneling between wells) the each sub-band is
related with left or right quantum well. The wave func-
tion of the electron is localized in the left or right quan-
tum well. When the tunneling is possible (strong cou-
pling state of the system), the wave function is spread
out over whole volume of the system. In a magnetic
field, it is allowed an intermediate situation (weak cou-
pled states) when the tunneling is possible for few levels
due to their anti-crossing. In the fig. 2 we present such
situation for the levels. Insets a)-c) show the profiles of
the electron wave functions in the initial state (a), state
when the anti-crossing is going (b) and the final state
(c), when the electron is localized in the outer ring. The
magnetic field is the factor which allows to govern on the
anti-crossing of the levels and electron transfer.

4 CHAOTIC QR

We consider the InAs/GaAs QR with the shape of
the annular billiard proposed by Bohigas et al. [6] and
filled the area between two non-concentric circles of radii
R and r centered at (x,y) coordinates (0,0) and (0,-δ).
The QR is symmetric under reflections with respect to
y-axis and asymmetric relative to x-axis. The QR shape
is shown in Fig. 3.

The important geometry parameters are d = R −
(r+ δ) - width of the ring defined by the Γsym area and
S = (r + δ)/R - the value corresponding to the classi-
cal impact parameter [6] with its quantum counterpart
S = m/k/R, where m is angular momentum quantum
number, k is the wave number. For small δ the d defines
a maximal radial quantum number of the confinement
states by the approximate relation nmax

2 ≤ Vcd
2. The

value r + δ gives the radius of the inner circle corre-
sponding to the Γsym area.

For weak violation of the symmetry, the energy spec-
trum may be represented by a set of quasi-doublets
which are degenerates when δ=0.

We study the correlation between electron localiza-
tions and quasi-doublet splitting for complete spectrum
in two dimension InAs/GaAs QR. The bands with dif-
ferent ”radial” quantum numbers are well determined
by our calculations. Result of the calculations for the
σ-parameter are presented in Fig. 4. One can see that
the spectrum of a single electron can be classified by the
bands which are related to the definite ”radial quantum
number” n.

For each n-band the ”orbital” quantum number m
is changing as |m|=0,1,2,. . .. The set of the levels with
fixed n and increasing |m| forms a typical shape as it
is shown in Fig. 4. The shapes begin when |m|=0 and
σ is about 1. Increasing |m| leads to decreasing σ to
a negative value of minimum, after that the increasing
|m| produces values for σ which keep negative sign and

NSTI-Nanotech 2013, www.nsti.org, ISBN 978-1-4822-0584-8 Vol. 2, 2013604



Figure 2: Single electron energies of DCQR as a function
of magnetic field magnitude B. Notation for the curves:
the solid (dashed) lines mean states with l=-1 and n=1,
(n=2). The quantum numbers of the states and posi-
tions of the electron in DCQR are shown. Profiles of the
normalized square wave function of electron in the states
are shown in insets a) (1,−1),outer; b) (1,−1),n/a and
c) (1,−1),inner for different magnetic field B.

approach to the zero asymptotically for large m.
Each shape can be separated by the ”beach” region

and ”whispering galleries” parts [6]. In the ”beach”
region, the splitting energies of the quasi-doublets de-
crease rapidly from visible values to zero in the ”gal-
leries” region. That agrees with experimental data [7]
and previous analysis [6]. For the Bohigas billiard, ”beach”
region is defined by the relation S ≤ r+ δ (with R > 1)
[6] which separates the chaotic region from regular one.
The energy spacing of the quasi-doublets and its depen-
dence on confinement energy indicates on the chaotic
properties of the QR [6]. In Ref. [7] it has been found
an irregular behavior of ∆E/E as a function of m/k.
The irregular peak was at the beginning of ”whisper-
ing gallery” region of the n=1 band and was described

Figure 3: The quantum ring shape. The spatial re-
gions Γsym and Γasym are dividing the QR shape to the
symmetrical and asymmetrical parts. Ω1 (Ω2) is upper
(lower) part of the QR shape.

Figure 4: (Upper) The parameter and the single elec-
tron spectrum of the InAs/GaAs QR with fixed value
of S=0.767 and the eccentricity δ and the width d de-
fined by d=0.75(30-(18+5)) nm. The numbers note the
n-bands (n=1,2,3); (Lower) The energy of the relative
spacing of the quasi-doublet for n=1.

in Ref.[7] as the effect of the ”chaos assisted tunneling”
due to the increase of the quasi-doublet splitting. Our
interpretation of the experimental result of [7] is illus-
trated by Fig. 4 where the results of the calculations
for ∆E/E as a function of energy of the states are pre-
sented. One can see from Fig. 4 that there is the irregu-
lar behavior of the ∆E/E just at right boundary of the
”beach” region when the shapes of different n-band are
crossed. The σ-parameter indicates the crossing. The
wave functions are overlapped and distorted for these
energies. We interpret it as results of anti-crossing of
the levels of different n-bands. This anti-crossing affects
on quasi-doublet splittings. This effect is visible by the
∆E/E local enhancement. The calculations reproduce
qualitatively the experimental result of Ref. [7]. Note
that the anti-crossings occur for the levels with the same
type angular symmetry (with the similar values of |m|)
and different n.

5 ELECTRIC FIELD EFFECT

In this section we indicate the effect of the elec-
tric field on QR with concentric boundaries (eccentricity
δ=0). The field is assumed to have linear dependence
along the y-coordinate that violates the symmetry of
the upper and lower parts of the QR. The quasi-doublet
splitting demonstrates the similar behavior as it was
present above for chaotic QR. Thus the role of the dis-
placement δ in the Bohigas billiard plays the electric
field in the y-direction. Results of our calculations are
presented for InAs/GaAs QR in Fig 6. The InAs/GaAs
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Figure 5: (Upper) The σ-parameter and the single elec-
tron spectrum of the InAs/GaAs QR with fixed value of
R=33 nm and r=16 nm (the eccentricity δ=0) placed in
the electric field F=0.4 kV/cm. The numbers note the
n-bands (n=1,2,3); (Lower) The energy of the relative
spacing of the quasi-doublet for n=1.

QR has the outer radius R=33 nm and the inner radius
r=16 nm.

The levels with different radial quantum numbers are
assembled to the n-bands that is well indicated by ”n-
traces”. The n=1 and n=2 bands are ”crossed” for en-
ergy about 0.45-0.50 eV; Inter-band interaction between
level with n=1 and n=2 leads to increasing the quasi-
doublet splitting with energy about 0.45 eV. There are
anti-crossings of the levels with different radial quantum
numbers. The wave functions have distortion due to
mixing of the symmetries corresponding n=1 and n=2
bands. It is well visible in Fig. 6 where we demon-
strate the electron wave functions of two ”interacting”
quasi-doublets. The levels are anti-crossed and the wave
functions are mixed by different symmetries (see Fig. 6b
and 6d).

6 CONCLUSION

We visualized main properties of this weakly cou-
pled DCQD established by several level anti-crossings
that occurred for the states with different radial quan-
tum number (n=1,2) and equal orbital quantum num-
ber l. The single electron in DCQRs can be governed
by magnetic field due to the structure of the energy lev-
els with their crossing and anti-crossing and changing
with B. We shown that this effect can be explained by
inter-band tunneling that occurs due to the anti-crossing
of the levels having different ”radial” quantum num-
bers. The same effect occurs in the symmetric shape

Figure 6: The wave functions of two the quasi-doublets
of the n=1 and n=2 bands. a) E=0.438276 (n=2), b)
0.45074 (n=1) , c) 0.45204 (n=1), d) 0.452077 eV (n=1).

QR placed in a longitudinal electric field. The electric
field violates the up-down summery of the QR and make
the conditions for the the tunneling.
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