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ABSTRACT 
 
The paper presents results of gas flow simulations in 

microdevices using the numerical method based on solving 
the Boltzmann kinetic equation. Slightly disturbed from 
equlibrium as well as supersonic flows are considered. The 
modeling was performed by using the problem solving 
environment developed by the authors of this paper. This 
problem solving environment is based on a finite-difference 
method and uses fixed rectangular velocity (momentum) 
space and spatial unstructured grids. The collision integral 
is calculated by the conservative projection method.  
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1 INTRODUCTION 
 
At the present time due to development of micro 

devices in various application areas, interest in  gas flows 
modeling in micro- and nanochannels has increased 
significantly. Traditional approach of gas modeling is 
solving Navier-Stocks equations. However, this approach is 
relevant only if the mean free path of molecules is small 
compared to specific size of flows, whereas the rarefied gas 
effects are not important. 

 Boltzmann Kinetic Equation represents a good 
approach to gas flows modeling in microdevices. The 
equation’s type is integro-differential,  therefore, many 
researchers prefer to use alternative methods with less 
computational complexity. One of these is Direct Monte-
Carlo Method [1]. This method is successfully used in  
supersonic aerodynamics. However,  it turned out to be not 
very efficient for simulating slightly disturbed flows due to 
statistical noise. The other prevalent approaches are based 
on using model kinetic equations: the complex collision 
integral is replaced by relaxation forms [2]. Nevertheless, 
the reliability of the results obtained by these methods  is 
dubious.  

Nowadays the rapid growth of modern computation 
systems power made it possible to solve the Boltzmann 
equation directly without any simplifications. We use a 
finite-difference method that uses fixed velocity 

(momentum) space and spatial grids [3].  The collision 
integral is evaluated by conservative projection method. It 
ensures the preservation of mass, momentum and energy 
conservation laws in molecular collisons. It also turns the 
collision integral of the Maxwellian distribution function 
into zero. This is especially important for  slow flows 
distinctive for micro and nano devices. The approach is also 
valid in case of Boltzmann equation for gas mixtures, and 
can be applied to the generalized Boltzmann equation for 
gases with internal degrees of freedom [4].  

In the next section the problem solving environment 
developed by our group is described. In section 3 the results 
of modeling of gas flows induced by temperature fields are 
analyzed. Three types of the gases are considered: 
monoatomic gas, gas with internal degrees of freedom and 
gas mixture. Section 4 presents simulation of the supersonic 
flow – interaction of a shock wave with periodic grid 
barrier in the transitional flow regime. 

 
2 PROBLEM SOLVING ENVIRONMENT 

 
The essence of the program solving environment (PSE) 

is Solver – computer program that carries out numerical 
simulation of gas. The core of the Solver is conservative 
projection method. The process of computation presents an 
iterative process of distribution function evolution. Further, 
gas macroparameters are calculated and periodically 
recorded. Later on, the results are visualized by relevant 
software. The interaction of Solver with other components 
of the PSE is shown in Figure 1.  

The method of solving the Boltzmann equation uses the 
splitting scheme: the advection equation and the 
homogeneous relaxation equation are alternately solved. 
Consequently, the Solver consists of separate modules: 
modules for advection equation and modules for collision 
integral.  

The modules for collision integral enable the usage of 
various intermolecular potentials, such as Lennard-Jones 
potential, and simulation of multicomponent gas mixtures. 

 UnstructSolv advection module is used for complex 
geometry modeling and is based on the method of finite 
volumes for unstructured grids. Generating unstructured 
grids is performed by the program package GMSH. 
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Alternatively, RectSolv is used for verification purposes 
and  problems with rectangular geometry. 

The parallelization of Solver is done inside each of the 
advection modules. Two technologies are supported: the 
MPI (Message Parallel Interface) is used for computations 
carried out on cluster environments and the Nvidia CUDA 
(Compute Unified Device Architecture) is applied to the 
graphic card computations [6]. 

 

Figure 1: Structure of the problem solving environment. 

3 THERMOMOLECULAR PUMPS 
 
In this section we present the results of gas flows 

modeling in micro thermomolecular pumps based on 
thermal creep effect. The thermal creep causes gas flow 
along the wall with a temperature gradient. Devices based 
on the thermal creep can be used in various applications, for 
example, in spectrometers and gas analyzers. This is due to 
the lack of moving parts in these thermomolecular pumps 
[7]. 

Geometry of Knudsen pump is shown in Figure 2. 
Vessels ܣ and ܤ are sequentially connected by narrow and 
wide cylindrical channels. The joint of channels is heated. 
The walls of vessels are kept at temperature ଵܶ; the 
temperature linearly increases along the channels and 
reaches ଶܶ at the joint; then the temperature decreases to 
	 ଵܶ.  

 
3.1 Monoatomic gas 

Steady-state distribution of flows is shown in Figure 3. 
Two types of flows can be observed in the channel: the 
thermal creep flow near the boundary and the Poiseuille 
flow in the center. The thermal creep effect is stronger in 
the narrow channel than in the wide one. Consequently, 
pumping effect arises, and the pressure in vessel ܤ is higher 
than pressure in vessel ܣ. At the temperature ratio ଶܶ ଵܶ⁄ ൌ
1.5 the pumping effect reaches 4 percent, ݌ଶ ⁄ଵ݌ ൎ 1.04. 

 

Figure 2: Geometry of Knudsen pump. 

 

Figure 3: Steady-state distribution of gas flows in the 
single-stage Knudsen pump. 

 

Figure 4: Distribution of pressure in the ten-stage Knudsen 
pump. 

In 1910 Knudsen managed to increase the pressure ratio 
at the ends of the pump by using a cascade of sequentially 
connected narrow and wide channels. Pressure distribution 
in the ten-stage Knudsen pump obtained by the numerical 
simulation is shown in the Figure 4. Given the temperature 
ratio at joints equal to ଶܶ ଵܶ⁄ ൌ 2, pressure ratio at the one 
ends of the pump is ݌ଵଵ ⁄ଵ݌ ൎ 8 

The results of the numerical simulation are in good 
agreement with Knudsen’s experimental data for hydrogen 
[8]. The contribution of rotational degrees of freedom has 
been evaluated by the 2-level model [9].  

In the paper [10] a pump with U-curve geometry has 
been presented. All channels of this device have the same 
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diameter, the pumping effect is caused by the curvature of 
the channels. 

Temperature and pressure fields in the ten-stage U-
curved pump are shown in Figure 5. The pressure ratio at 
the ends of the pump with Knudsen number Kn	 ൌ 	5 is 
ଵଵ݌ ⁄ଵ݌ ൎ 1.15. U-curved pump is less efficient than an 
ordinary Knudsen pump with the same number of stages 
and the same temperature ratio. The advantage of U-curved 
pump is that the pumping effect is still present at high 
Knudsen numbers (free-molecular regime) in contrast to the 
ordinary pump. Aggregation of these pumps led to 
invention of a combined pump [11] which incorporates the 
positive properties of the both pumps. 

 

 

Figure 5: Temperature and pressure fields in the ten-stage 
U-curved pump. 

3.2 Gas mixture 

Since the value of the thermal transpiration effect 
depends on the properties of gas molecules, it is feasible to 
apply Knudsen pumps as gas separators [12]. This 
possibility was verified solving numerically the Boltzmann 
equation for a binary mixture in the ordinary Knudsen 
pump.  

The process of gas separation takes more time than gas 
pumping. Figure 6 shows the pumping level ݌஻/݌஺ (ratio of 
pressure in the vessels B and A) and separation versus time. 
The transition to steady state takes about 1000 molecule 
mean free times ߬. The steady state field of partial pressures 
 ఉ is shown in Figure 7. The separation level is equal݌/ఈ݌
to ݌ఈ ⁄ఉ݌ ൎ 1.012 given a mixture of hard sphere 
molecules with mass ratio ݉ఈ ݉ఉ⁄ ൌ 1/2 and temperature 
ratio  ଶܶ ଵܶ⁄ ൌ 4/3. Higher level separation can be obtained 
using several stages. 

 

Figure 6: Pumping level ݌஻/݌஺ and partial pressure ratios 
஻݌
ఈ/݌஺

ఈ and ݌஻
ఉ/݌஺

ఉ versus time. 

 

Figure 7: Steady-state field of ݌ఈ/݌ఉ (ratio of partial 
pressures) in the single-stage Knudsen pump. 

4 SHOCK WAVE INTERACTION WITH A 
GRID BARRIER 

 
The section presents results of modeling of interaction 

between a shock wave and a barrier representing a periodic 
grid of microbars. Permeable barriers are generally used for 
attenuation or amplification of shock waves [13]. 

The diagram of the problem is shown in Figure 8. The 
size of the bars is comparable with the molecule free path 
behind the shock,  ݀ ൌ ܦ ൌ  ଵ. Each bar is infinitely longߣ5
in the direction perpendicular to the figure plane, and the 
problem is considered in two-dimensional geometry. The 
shock wave structure before the interaction was computed 
preliminary in a one-dimensional problem.  

The modeling is performed for Lennard-Jones potential 
and the shock wave structure is compared with 
experimental data by Alsmeyer (Figure 9) [14]. 

At the initial time of the 2D problem the shock wave is 
placed at some distance away from the barrier ݈. Figure 10 
shows the macroparameters of the gas when the shock wave 
have passed through the grid and reflected from the barrier 
shock wave begun to interact with it. Passed shock waves 
have not merged yet. The reflected front starts to form.  
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Figure 8: Barrier representing a periodic grid of microbars.  

 

Figure 9: Comparison of shock density profiles: solid line – 
numerical simulation using Lennard-Jones potential,   

circles – experimental data by Almeyer [13]. 

 

 

Figure 10: Temperature and longitudinal velocity fields 
when reflected shock wave is forming. 

 
5 CONCLUSION 

 
The examples provided in this paper show that applied 

method of solving the Boltzmann kinetic equation and 
developed problem solving environment permit efficient 
modeling of monoatomic gas and gas mixtures inside 
microdevices. The method and the PSE can be used for 
simulations of slightly disturbed flows as well as supersonic 
flows, where shock waves are involved. 
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