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ABSTRACT

Despite recent advances, precise simulation of freez-
ing transitions remains a challenging task. In this work,
a simulation method for fluid-solid transitions, based on
a modification of the constrained cell model of Hoover
and Ree, is developed. In the constrained cell model,
each particle is confined within its own Wigner-Seitz
cell. The constrained cell model is a limiting case of a
more general or modified cell model which is constructed
by adding an external field that controls the relative sta-
bility of the two phases. Constant-pressure simulations
of the modified cell model indicate that the transition
from the fluid to the solid is continuous at low and mod-
erate pressures and discontinuous at higher pressures.
The fluid-solid transition of model systems can been
determined either by analyzing the field-induced phase
transition of the corresponding modified cell model or
via thermodynamic integration based on the same model.
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Despite recent advances, precise simulation of freez-
ing transitions remains a challenging task. One of the
simplest methods to calculate fluid-solid coexistence is
thermodynamic integration. In their original work as-
sociated with the freezing transition of hard-spheres,
Hoover and Ree [1], [2] modeled the solid phase as a
constrained system in which each particle is confined
to move in its own Wigner-Seitz cell. Hoover and Ree
found that the pressure-density isotherm contains a kink
or cusp at a density which is approximately 64% of the
density at close packing and associated this anomaly
with the mechanical stability point of the solid phase.
At densities that are higher than the kink density, the
solid phase can survive for substantial time intervals
without the confinement imposed by the walls of the
Wigner-Seitz cells. In contrast, at lower densities the
solid cannot survive without the presence of the cell
walls and it thus melts to a disordered, fluid-like phase.

The constrained cell model is a limiting case of a
generalized or modified cell model which is constructed
by adding a homogenous external field that controls
the relative stability of the two phases. High values of
the external field variable force configurations with one

particle per Wigner-Seitz cell and thus favor the solid
phase. Normal (unconstrained) behavior is recovered in
the limit of vanishing field. The modified cell model
can be used to link the fluid with the solid phase on a
constant-pressure (or density) path by progressively in-
creasing the strength of the field. Recently, Nayhouse et
al. [3]–[7] used this model in the analysis of fluid-solid
transitions. In the present work, the fluid-solid transi-
tion of a system of Lennard Jones particles at a reduced
temperature of 2 is analyzed and its entire phase dia-
gram is determined. The simulations are implemented
at constant pressure using tempering [8], [9] and his-
togram reweighting [10], [11] techniques.

Consider a system of N particles of diameter σ that
interact according to a pairwise additive potential, ϕ,
which is of the Lennard-Jones form, i.e.,

ϕ (r) = 4ϵ
[
(σ/r)

12 − (σ/r)
6
]

, (1)

where r is the distance between two particles and ϵ > 0
is the depth of the potential. The potential energy of
a configuration of a system of N particles in a peri-
odic simulation box of volume V = L3, is evaluated
by calculating all pair terms for distances r ≤ L/2 and
adding a tail correction for r > L/2. In the isothermal-
isobaric ensemble, the number of particles N , the pres-
sure p, and the temperature T [or the inverse tempera-
ture β = 1/ (kBT ), where kB is Boltzmann’s constant],
are fixed. The system volume, V , and the number den-
sity, ρ = N/V , both fluctuate about mean values, ⟨V ⟩
and ⟨ρ⟩ = N/⟨V ⟩, respectively. Appropriate reduced
variables are defined as: T ∗ = kBT/ϵ (reduced tempera-
ture), p∗ = βpσ3 = pσ3/kBT (reduced pressure), ⟨ρ∗⟩ =
⟨ρ⟩σ3 (average reduced density), and ⟨υ∗⟩ = ⟨υ⟩/σ3 =
⟨V ⟩/

(
Nσ3

)
= 1/⟨ρ∗⟩ (average reduced volume per par-

ticle). The Monte Carlo moves comprise particle dis-
placements and volume changes that are accepted with
standard Metropolis acceptance criteria. For the fluid
(i.e., the unconstrained) phase there is no cell occupancy
constraint and the N particles are thus free to move
throughout the entire simulation volume, V .

For a cubic simulation box of volume V = L3 that
contains N particles, the constrained cell model is de-
fined by dividing the volume, V , into N Wigner-Seitz
cells, each of volume V/N , representative of the solid
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phase under consideration. In this work, it is assumed
that the stable solid form of the Lennard-Jones model
is of the face-centered cubic (fcc) type. Thus, the cells
are rhombic dodecahedra and N = 4n3 (n = 2, 3, . . .).
Each cell contains a single particle and Monte Carlo
moves that violate the single occupancy constraint are
rejected by the acceptance criteria.

The fluid- and solid-phase isotherms at T ∗ = 2 for
N = 256 Lennard-Jones particles, obtained from the
simulations, are shown in Fig. 1. There is a region of
pressures, 5 . p∗ . 6, for which the volume distribution
of the solid phase has a bimodal structure, see inset of
Fig. 1, for instance. The shape of the volume distribu-
tion resembles that of a system undergoing some type
of phase transition. The pressure–density isotherm of
the solid phase exhibits an inflection point at pressure
p∗ ∼= 5.64, which corresponds to a density ρ ∼= 0.7ρ0,
where ρ0σ

3 =
√
2 is the value of the reduced density at

close packing. The inflection point is associated with the
limit of mechanical stability of the solid. A solid phase
at densities ρ < 0.7ρ0, cannot survive without the con-
finement imposed by the walls of the Wigner-Seitz cells
and it thus melts to a disordered, fluid-like phase.

In freezing transition studies via thermodynamic in-
tegration techniques, the free energy of both phases is
calculated for a range of states from the low-density,
ideal gas region to the high-density, close packed limit.
In order to reduce the number of states that must be
simulated, Hoover and Ree proposed a modified cell
model [1], [2] by adding an external field of variable
strength. High-field values favor single occupancy con-
figurations (i.e., one particle per Wigner-Seitz cell) and
thus stabilize the solid phase. Normal (unconstrained)
system behavior is restored in the limit of vanishing
field. Hoover and Ree thought that the modified cell
model could be used to link the fluid with the solid phase
thus reducing the number of simulated states in ther-
modynamic integration studies of freezing transitions.
In their early work associated with hard-sphere freez-
ing [1], [2], Hoover and Ree investigated the low-density
behavior of this modified cell model through cluster ex-
pansion techniques. Recently, the modified cell model
was reformulated in the isothermal-isobaric ensemble by
Nayhouse et al. [3]–[7] and was used to analyze fluid-
solid transitions of model systems.

Consider arbitrary distributions of the N particles
into the N Wigner-Seitz cells. The occupation status
(i.e., number of particles) of cell j (j = 1, 2, . . . , N),
can be described with the variable sj which can only
take two values: −1 if cell j contains one particle and
zero otherwise. The occupation status of a specific con-
figuration of the N particles (i.e., the number of singly
occupied cells) can be expressed in terms of the vari-
able |M |, where M =

∑
j sj . Consider an external field

variable, B say, and suppose that the interaction of this
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Figure 1: Reduced pressure, p∗, vs average reduced
density, ⟨ρ∗⟩, for N = 256 Lennard-Jones particles at
T ∗ = 2. (a): fluid; (b): constrained cell model. The in-
set shows the distribution of the reduced volume for the
constrained cell model at p∗ = 5.644. The state shown
in the inset corresponds to the open circle, (◦), on curve
(b) in the main figure.

variable with cell j is Bsj . If b = βB, the isothermal-
isobaric partition function ∆, for N particles at temper-
ature T , and pressure p, is

∆(N, p, T, b) =
∑
i

exp [−βEi − βpVi − bMi] , (2)

where index i enumerates the states and Ei, Vi, and
|Mi|, are the energy, volume, and number of singly oc-
cupied cells in state i. The unconstrained system cor-
responds to b = 0, whereas the constrained cell model
of Hoover and Ree is recovered in the limit in which
b → ∞. In Monte Carlo simulations of a system of N
particles at p, T , and b, the elementary updates com-
prise particle displacements and volume changes that
are accepted with standard Metropolis acceptance cri-
teria. For particle displacements, the acceptance proba-
bility must account for changes in the variable M when
the center of a particle moves out of its current cell and
enters a neighboring one. In this case, the acceptance
probability from state i to j, αij , is given by

αij = min
[
1, exp

(
− β∆E − b∆M

)]
, (3)

where ∆E = Ej − Ei and ∆M = Mj −Mi.
The behavior of the modified cell model at T ∗ = 2

and at pressures p∗ & 5 was investigated via temper-
ing techniques [8], [9]. The effect of the external field b,
at constant pressure for N = 256 Lennard-Jones par-
ticles is shown in Fig. 2. Specifically, the variation of
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the field variable, b, in terms of the average fraction of
singly occupied Wigner-Seitz cells, −⟨M⟩/N , is plotted
in Fig. 2 for five isobars at pressures p∗ = 5, 6, 7, 8,
and 9. At high-field values, only single occupancy (i.e.,
|M | = N) configurations survive and the system is in
the solid phase. As in the case of hard spheres [3], [4],
the behavior of the five isobars shown in Fig. 2 resem-
bles that of a system undergoing a phase transition. As
b is reduced at fixed pressure from high values (b ∼ 4)
towards zero, the transformation of the solid to the fluid
phase is continuous at low and intermediate pressures,
see, e.g., isobar p∗ = 5 in Fig. 2. At higher pressures,
p∗ & 6, the shape of the isobars is similar to that of
a system undergoing a first-order phase transition. The
simulations indicate that there is a range of values of the
field b, for which the distribution of volume V , and of the
number of singly occupied cells |M |, both consist of two
maxima (peaks) separated by a minimum. The inset of
Fig. 2 shows the shape of the volume distribution for
b = 0.218 and p∗ = 9. For the state shown in the inset
of Fig. 2, the average fraction of singly occupied cells
is 90%. The specific value of b (b = 0.218) was found
through histogram reweighting [10], [11]. Fig. 2 thus
indicates that at high pressures, p∗ & 6, the transforma-
tion of the high-b, ordered, solid-like phase to the low-b,
disordered, fluid-like phase occurs via a first-order phase
transition. Furthermore, as the pressure increases, the
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Figure 2: External field variable b, vs average fraction
of singly occupied cells −⟨M⟩/N , for N = 256 Lennard-
Jones particles at T ∗ = 2. The curves from top to bot-
tom correspond to reduced pressures p∗ = 5, 6, 7, 8, and
9, respectively. The inset shows the volume distribution
at p∗ = 9 and b = 0.218. For this state, the average
fraction of singly occupied cells is 90%. This state cor-
responds to the open circle, (◦), on the p∗ = 9 isobar of
the main figure.

order-disorder transition occurs at lower field values.

The field-induced order-disorder transition of the Le-
nnard-Jones model at T ∗ = 2 has been studied via
constant-pressure simulations and tempering techniques
[8], [9]. The results for the coexisting densities of the or-
dered (solid-like) and the disordered (fluid-like) phase
are shown in Fig. 3 together with the relevant portion
of the p–ρ isotherms of the fluid and the solid phase
of the Lennard-Jones model at T ∗ = 2. The coexist-
ing densities of the ordered and the disordered phase
lie in between respective isotherms of the solid and the
fluid phase. As the pressure increases, the value of the
field, b, at order-disorder coexistence decreases and as
b → 0, the densities of the ordered and the disordered
phase approach those of the solid and fluid phase, re-
spectively. The coexisting densities shown in Fig. 3,
appear to be converging towards a terminal point in the
neighborhood of the mechanical stability point of the
p–ρ isotherm of the solid phase which is shown as a bul-
let, (•), in Fig. 3. The appearance of the field-induced
phase transition of the modified cell model, shown in
Figs. 2 and 3, is related to the mechanical stability of
the solid. A mechanically stable solid phase that ex-
ists without the confinement imposed by the bounding
surfaces of the Wigner-Seitz cells, will always be trans-
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Figure 3: Phase diagram of the modified cell model for
the Lennard-Jones system at T ∗ = 2 in the pressure-
density plane. The solid lines correspond to the fluid
and the constrained solid phases [i.e., curves (a) and (b)
in Fig. 1]. The coexisting solid and fluid phases for
finite values of b are shown as points and they corre-
spond to system sizes, N , of (◦): 2048, (N): 1372, and
(�): 864. The dashed horizontal lines are tie-lines and
they are drawn for clarity. The point shown as bullet,
(•), corresponds to the inflection point of the T ∗ = 2
isotherm of the constrained cell model.
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formed discontinuously to a fluid phase.
The fluid-solid phase transition of the Lennard-Jones

model at T ∗ = 2 can either be determined by analyz-
ing the field-induced phase transition of the modified
cell model in the high-p, zero-field limit, or via thermo-
dynamic integration using the same model. Repetition
of this process at different temperatures establishes the
entire fluid-solid phase diagram. The results of this pro-
cedure for the Lennard-Jones model are shown in Fig.
4 together with the vapor-liquid phase diagram of the
same model. Vapor-liquid coexistence was determined
from constant-pressure simulations of the unconstrained
system using tempering [8], [9] and histogram reweight-
ing [10], [11]. As is evident from Fig. 4, the results of
the present work are in excellent agreement with those
of previous work [12]–[14].

The main advantage of the modified cell model in
simulation studies of fluid-solid transitions is its simplic-
ity. The extra effort (computational as well as program-
ming) associated with the introduction of the external
field variable into the ordinary isothermal-isobaric en-
semble is minor. Unlike other methods that are based
on complicated order parameters, the conjugate vari-
able associated with the external field can be simply
and transparently identified as the number of Wigner-
Seitz cells containing a single particle. In the context of
simulations of fluid-solid equilibria via thermodynamic
integration, the modified cell model provides a path
that connects the fluid with the solid phase, thus reduc-
ing the number of simulated states. Alternatively, the
fluid-solid transition of the system of interest can be ob-
tained by analyzing the field-induced phase transition of
the corresponding modified cell model by standard flat-
histogram techniques. These two alternative approaches
of locating fluid-solid coexistence are equivalent, and
the selection of one compared to the other depends on
programming considerations. Future work comprises
the determination of the phase diagrams of systems for
which fluid-fluid demixing is metastable against freezing
such as protein solutions and colloidal suspensions.

REFERENCES

[1] W. G. Hoover and F. H. Ree, J. Chem. Phys. 47,
4873, (1967).

[2] W. G. Hoover and F. H. Ree, J. Chem. Phys. 49,
3609, (1968).

[3] G. Orkoulas and M. Nayhouse, J. Chem. Phys. 134,
171104, (2011).

[4] M. Nayhouse, A. M. Amlani, and G. Orkoulas, J.
Phys.: Condens. Matter 23, 325106, (2011).

[5] M. Nayhouse, A. M. Amlani and G. Orkoulas, J.
Chem. Phys. 135, 154103, (2011).

[6] M. Nayhouse, A. M. Amlani, V. R. Heng and G.
Orkoulas, J. Phys.: Condens. Matter 24, 155101,
(2012).

0 0.2 0.4 0.6 0.8 1
reduced density

0.5

1.0

1.5

2.0

re
du

ce
d 

te
m

pe
ra

tu
re

Figure 4: Phase diagram of the Lennard-Jones model
in the temperature-density plane. All calculations have
been performed for N = 256 particles. (•): liquid-
solid coexistence; (◦): vapor-liquid coexistence; (�):
vapor-solid coexistence. The vapor-liquid critical point
is shown as a filled square, (�). The solid line is a
fit to scaling laws assuming Ising criticality. The tri-
angles, (△), are the liquid-solid and vapor-solid coexis-
tence data of Agrawal and Kofke [12]. The crosses, (×),
are liquid-solid coexistence data obtained by McNeil-
Watson and Wilding [13]. The filled triangles, (N), are
vapor-liquid coexistence data obtained by Chen et al.
[14].

[7] M. Nayhouse, V. R. Heng, A. M. Amlani and G.
Orkoulas, J. Phys.A: Math. Theor. 45, 155002,
(2012).

[8] E. Marinari and G. Parisi, Europhys. Lett. 19, 451,
(1992).

[9] A. P. Lyubartsev, A. A. Martinovski, S. V.
Shevkunov and. P. N. Vorontsov-Velyaminov, J.
Chem. Phys. 96, 1776, (1992).

[10] A. M. Ferrenberg and R. H. Swendsen, Phys. Rev.
Lett. 61, 2635, (1988).

[11] A. M. Ferrenberg and R. H. Swendsen, Phys. Rev.
Lett. 63, 1195, (1989).

[12] R. Agrawal D. A. Kofke, Molecular Physics 85, 43,
(1995).

[13] G. C. McNeil-Watson and N. B. Wilding, J. Chem.
Phys. 124, 064504, (2006)

[14] B. Chen, J. I. Siepmann and M. L. Klein, J. Phys.
Chem. B 105, 9840, (2001).

NSTI-Nanotech 2012, www.nsti.org, ISBN 978-1-4665-6275-2 Vol. 2, 2012 711




