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ABSTRACT

At microscale, an efficient mixing is a keystep which
dramatically accelerates bio-reactions. For thirty years,
Dynamical System theory has predicted that chaotic
mixing must involve at least 3 dimensions (either time
dependent 2D flows or 3D flows). However, in microflu-
idics, few works have yet presented efficient embedded
micromixers. In this regards, electrokinetic has emerged
as an efficient way to generate time dependent flows with
embedded electrodes, thus requiring a battery rather
than external pumps. This paper presents the first ex-
perimental and theoretical study of 2D time dependent
electrothermal chaotic mixing. To do so, asymmetric
vortices are blinked to perform time dependent asym-
metric flows. Successive horizontal plans of velocity are
measured at different heights by micro particle image
velocimetry µ PIV and validate our 2D electrothermal
model computed with COMSOL multiphysics software.
The velocity profile shows a dramatic asymmetry be-
tween the two vortices. Therefore, during the switch,
vortices overlap, leading to stretching and folding flows
required to obtain chaotic advection. The mixing effi-
ciency of low diffusive particles is studied at multiscale
using the mix-variance coefficient and shows a dramatic
increase of mixing efficiency compared to steady flow.

Keywords: micro-mixing, chaotic advection, electroki-
netic, blinking vortices

1 INTRODUCTION

The subject of mixing is an old problem which has
been extensively studied this last century from theoret-
ical and technological perspectives. Today, economic
revenues of product involving fluid mixing is measured
in billions of dollars per year. One realm where major
technical improvements in mixing are required is lab-
on-chip also called (µTAS), where microfluidic flows are
strongly laminar. Diffusion based passive micromix-
ers have been hindered by long time reaction occur-
ring especially for large particles (high Peclet number)
at micro and meso-scale (low Reynolds number). To
tackle this issue, more and more research has been de-
voted to chaotic advection to perform non diffusive mix-
ing with time dependent flow. By folding and stretch-

ing flows, laminar chaotic motion has been achieved at
microscale decreasing exponentially mixing time tm ≈
ln(Pe) [1]. Today, a huge effort is made to provide
portable lab-on-chip with embedded flow actuators . For
this reason, electrokinetic has emerged over the last fif-
teen years as one of the major solution to drive flows
with simple electrodes integrated in the microfluidic en-
vironment [2]. To that end, AC electro-osmosis has been
extensively studied and applied to drive and mix low
conductivity solutions [2]. Yet, most biological assays
have a high conductivity (1mS.cm−1 (ELISA buffer)
< σ < 16mS.cm−1 (PBS)). AC electrothermal flows,
which have been scarcely studied, occur in high con-
ductivity solutions allowing to drive physiological solu-
tions. In this paper, we will study theoretically and ex-
perimentally 2D electrothermal blinking vortices to mix
reagent in microwell plates. After justifying the choice
of the ACET model based on our previous work [3] we
will explain our µPIV experimental setup. We will then
validate flow model with µPIV flow measurement and
discuss the mixing efficiency at multiscale with the mix-
variance method.

2 THEORY

Electrothermal flows are due to the interaction of
an electric field with non-uniform permittivity and con-
ductivity generated by Joule heating. For fluid with
large conductivities, the temperature raise in the fluid
due to Joule heating is significant. We are using here
the enhanced model of ACET presented in [3] developed
for a general temperature raise above 5◦C. This model
uses an electrical thermal coupling and temperature de-
pendent expression for the electrical conductivity and
dynamic viscosity.

For aqueous solutions, a linear approximation of the
temperature dependence of the electrical conductivity
and permittivity is adequate, σm(T ) = σm(T0)(1+cσ(T−
T0)) and εm(T ) = εm(T0)(1 + cε(T − T0)) where cσ =

1
σm(T0)

∂σm

∂T |T0
≈ 0.02◦C−1 and cε = 1

εm(T0)
∂εm
∂T |T0

≈
−0.004◦C−1[4], with T0 being a temperature of refer-
ence.

Consider an applied AC voltage with angular fre-
quency ω. Complex notations can be used for the elec-
tric field, E, and electrical potential, V, (E = −∇V ):
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E = Re
[
Ẽeiωt

]
, V = Re

[
Ṽ eiωt

]
. The AC electrother-

mal flow is modelled by solving for the voltage Ṽ , the
temperature T and the fluid velocity u using the follow-
ing set of equations:
∇2Ṽ = cσ∇T · ∇Ṽ , Ẽ = −∇Ṽ
∇ · (km∇T ) + σm(T )

2 |Ẽ|2 = 0
∇ · (µm(T )

(
∇u + (∇u)T

)
) + F = ∇P, ∇ · u = 0

(1)
where the fluid heat conductivity, km, is considered con-
stant, the fluid dynamic viscosity µm(T )) is described by
a polynomial equation in T [4] and P is the pressure.

The force F is expressed as the sum of ACET Force
and Buoyancy Force: F =< FET > +Fb.

The time-averaged electrostactic body force (ACET
force) is given by:

< FET >=
εm(T0)

2

[
(cε − cσ) (∇T · Ẽ)Ẽ− 1

2
cε∇T |Ẽ|2

]
(2)

The buoyancy force is given by:

Fb = ρm(T0)β(T − T0)g (3)

where β = 10−3◦C−1 is the coefficient of thermal expan-
sion, g = 9.8m.s−2z is the acceleration of gravity, and
T0 is the temperature of reference.

The assumptions used here are: small Reynolds num-
ber, Re = ρmu0L

µm
� 1 (ρm is the fluid density, u0 is the

characteristic velocity, L is the characteristic length),
small electric Reynolds number, Reel = εmu0

σmL
� 1, small

thermal Peclet number , PeT =
ρmcpu0L

km
� 1 (cp is

the heat capacitance of the fluid), large AC voltage fre-
quency ωτ � 1 (τ = εm

σm
) is the charge relaxation time,

and the ratio of charge relaxation time and thermal dif-
fusion time is small, τ

τdiff
= εmkm

σmρmcpL2 � 1.

For a characteristic length, L = 320µm, the thermal-

diffusion time in water is τdiff =
ρmcpL

2

km
≈ 0.8s and the

viscous-diffusion time in water is τfl = ρmL
2

µm
≈ 0.1s thus

the transient time for the system to reach the station-
ary solution given by the system of equations 1 is of the
order of 0.8s. In this work we will ignore the transient
behaviour of the system as the period of switching be-
tween configurations of applied voltage on the electrodes
is much greater than 1s.

3 MATERIAL AND METHODS

Experiments are carried out in a 320 µm thick and
8 mm2 wide PDMS well. Beneath this micro-well, a
sinusoidal electric signal is applied between 3 interdigi-
tated gold electrodes, separated by a 100 µm gap. The
phase signal Vpp = 11V and the ground are switched be-
tween the two side electrodes at a frequency 0.01Hz <
Fs < 0.2Hz, whereas the opposite phase signal −Vpp
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Figure 1: (a) Schematic of the experimental setup: The
vortices switch every T = 10 − 30s. They are visual-
ized from the top using 2 lasers synchronized with a
camera. (b) Simulation results of the fluid velocity for
the two different configurations (velocity magnitude and
streamlines).

is steadily applied to the center electrode (Figure 1).
The temperature of the PCB is set by a thermoelectric
device at 20◦C so as to control the temperature rise.

The PIV image pairs are taken using an infinity cor-
rected objective lens (Nikon, M = 20, NA = 0.45)
mounted with a 0.5× magnification relay lens to pro-
vide the view of the whole vortices. Relatively large,
dp = 1µm, diameter particles were chosen to decrease
bias and unbias error and to dampen beads diffusion
without exhibiting significant DEP forces. The depth
of the PIV measurement is therefore estimated to be
δz = ±7.5µm [5]. The successive horizontal plans of ve-
locity are measured snapping 2 images at 100ms with
two pulsed lasers (MiniLase II-30 (New Wave research,
Fremont, CA, US) synchronized with a camera PIV-
CAM 13.8 (TSI Shoreview, MN, US). Bead velocities are
then extracted after ensemble averaging 30 correlation
functions of bead positions using a custom PIV interro-
gation software [6] (Figure 2.a,b). Then 25 transversal
velocity vectors u are spatially averaged above each gap.
The measured results are then compared to the modelled
velocity vertically averaged over h± δz (Figure 2.c)

Since electrodes are parallel, the flow is 2D. Elec-
trothermal flows are thus modelled with 2D finite ele-
ment method using Comsol Multiphysics v4.2a (COM-
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SOL Inc., Stockholm, Se) (Figure 2). The three equa-
tions, (1), are solved taking into account electrother-
mal coupling. Thermal diffusion time, τdiff , and vis-
cous diffusion time, τfl, being both negligible compared
to the switching period, blinking vortices are assumed
to follow a square shape signal. To theoretically eval-
uate mixing efficiency, particles trajectory is modelled
using COMSOL particle tracking module. We use the
mix-variance coefficient (MVC) [7] to evaluate mixing
at different scales (Figure 4). To do so, the domain is
successively divided in boxes along the x and y direc-
tion up to nx and ny boxes, respectively. For each box
configuration, average bead concentration is computed.
The variance of these concentrations is then evaluated:

MVC(s) =
1

nxny

ny∑
i=0

nx∑
j=0

(ρij − 0.5)2 (4)
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Figure 2: Experimental Measurement of fluid velocity
for the configuration 11Vpp − 11Vpp 0. µPIV results at
height z = 30µm (a) and z = 195µm (b). (c) Experi-
mental and simulation flow velocity averaged above left
and right gap for different height z.

4 RESULT AND DISCUSSION

Breaking and shifting the symmetry increase the chaotic
advection efficiency by enhancing stretching and folding
motion [8]. For this reason, we switched an assymetric
electric field over time. Figure 1 displays the side-view of
both states of the blinking vortices. For the first config-
uration (i), the applied potential on the left, central and
right electrodes are Vl = 11Vpp, Vc = −11Vpp, Vr = 0Vpp.
A faster vortex occurs with its center above the edge
of the left electrode. Conversely, a right slower vortex
whose center is shifted above the right gap slips un-
der the left vortex, thereby the separatrix between the
two vortices is leaning at ≈ 20deg (Figure 1b). Switch-
ing the voltage of both side electrodes (i.e configuration
(ii)) leads to a shift of the vortices and a rotation of the
separatrix. As a result, there is an overlap between the
two different flow configurations leading to a transfer of
particles from one side to the other.

Figures 2a,b display the in-plane velocity field mea-
sured by µPIV corresponding to the configuration (i).

t=0s

t=4s

T=20s

T=10s

T=60s

configuration (ii)

configuration (ii)

configuration (ii -> i)

configuration (i -> ii)

configuration (i -> ii)

T=120sconfiguration (i -> ii)

Figure 3: Snapshots at time t = 0s, t = 4s, t = 10s,
t = 20s, t = 60s and t = 120s of the numerical particle
tracking for a blinking with time period T = 20s. At t =
0s, the particle initial position is uniformly randomly
distributed in the micro-well then the particles move
according to the fluid velocity. Four shades of colour
markers are used according to the initial position, x0 of
a particle: blue (−500µm < x0 < 0µm, yellow(0µm <
x0 < 500µm, green(x0 < −500µm, red(x0 > 500µm).

Two different heights (30µm and 195µm) behind and
above the vortex center are displayed, respectively. As
predicted by the theory, in both configurations the flow
goes down above the central electrode. The separatrix
is shifted to the left by ≈ 60µm over a height of 165µm,
thereby confirming a tilt of≈ 20deg and thus the overlap
of the vortex configurations.

Figure 2c compares the vertical profile of both mod-
elled and measured horizontal velocities spatially aver-
aged above each gap. Both velocities match with slight
differences, certainly coming from uncertainties in the
geometrical and thermal characterisation of the experi-
mental device. At the vicinity of the electrode, the gra-
dient of velocity being very high, the velocity is not null,
since it is integrated on ±δz. With 10 percent of differ-
ence, this confirms the relevance of our model described
in Eqs.1.

Figure 3 shows snapshots of the simulated mixing
with particle tracking. Two kind of particles are con-
fined on two different side of the device. The slow left
vortex drags down blue particles along the 20◦ diagonal,
thus stretching the separatrix. After 4s green particles
are encircled by blue ones in the left vortex. After 10
seconds, vortices blink, folding the trapped green parti-
cles in the left side vortex and stretching the separatrix
to encircle blue particle in the right side vortex. During
folding, both particles are layering 3 times around the
center of the vortex. Hence, in that case every half pe-
riod T/2 = 10s, vortices switch, consecutively stretching
and folding flows forming particle layers of smaller and
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Figure 4: Time evolution of the Mix-Variance Coeffi-
cient (MVC) for different period of blinking (coloured
line with dots) and stationary configuration (i) (black
line with dots). If MVC = 0.25, there is no mixing.
If MVC = 0, there is perfect mixing. Blinking vortices
greatly improve mixing compared to a stationary config-
uration. The best mixing is reached using a time period
of 10− 20s.

smaller thickness which is characteristic from chaotic
advection.

Using the concentration of beads at different scales,
the efficiency of mixing has been evaluated using the
mix-variance norm (MVC), Eq. 4, for different period of
blinking vortices (Figure 4). When MVC is 0.25 there
is no mixing, i.e. particles are surrounded by neigh-
bours of the same kind. When MVC decreases, mixing
is enhanced with a prefect mixing reached at MVC=0.
Confirming the earlier described stretching and folding,
which are achieved between 4s and 10s, the optimal mix-
ing is reached for a period between 10 and 20s. For
longer period, the mixing is slower, whereas for faster
period less stretching and folding are achieved.
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