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ABSTRACT
A mathematical model is proposed to study the velocity
profiles i.e. velocity of magnetic nanoparticles (diameter 20
nm) as drug carrier and blood in the presence of uniform
external magnetic field inside the capillary region. The
volumetric flow rate and skin friction are also taken into
account and the analytic expressions are also developed.
Keywords: magnetic nanoparticles, nano-drug targeting.

1. INTRODUCTION

Magnetic drug targeting is one of the various
possibilities of drug targeting, which aims at concentrating
magnetic drugs at a target site with the aid of magnetic field,
so that the drug concentration is enhanced at the target and
reduces the toxicity and side effects in normal tissue [1].

Magnetic and hydrodynamic interactions between
magnetic beads in micro-fluidic field gradient filters are
compared theoretically and it is found that hydrodynamic
interactions are of a longer range and dominate the magnetic
ones [2]. An in vitro model was developed to study and
demonstrate the potential and feasibility of magnetically
targeted deposition of aerosols for potential applications in
lung cancer treatment [3]. High-pressure liquid
chromatography analyses after magnetic drug targeting
showed an increasing concentration of the chemotherapeutic
agent in tumor region compared to regular systemic
chemotherapy [4].

In this paper, we have considered the velocity
profiles of magnetic nanoparticles (diameter 20 nm) and
blood in the presence of uniform external magnetic field
relative to each other inside the capillary region, in
cylindrical polar coordinates. The electrical conductivity of
blood is not taken into account. The volumetric flow rate and
skin friction are also considered and the analytic expressions
are also developed.

2. MATHEMATICAL FORMULATION

The magnetic force on the magnetic nanoparticles is [6]
£, =2 y(?) (1)
0

Where ,, is the permeability of free space, y is the
is the

magnetic susceptibility of the particle, v, (Z%ﬂng)

volume of the magnetic nanoparticle and B is the magnetic
induction. The magnetostatic field equations are

vV.B=0, VxH=0. 2
where H is the magnetic field intensity.

Using the expression B = z,H and the magnetostatic field

equations, equation (1) can be transformed into
E, =V, (M-V)A.
Where M = 4H , M is the magnetization of the particle.

Assuming that the fluid is non-conducting and that
the displacement current is negligible so that vxH =0as
defined in [7]. Hence the magnetic force on a nanoparticle (in
the form of sphere) can be calculated as

Fu = #,Vy MVH. (3)
In this paper, we have considered the magnetite

nanoparticles as drug carrier and also the saturation value of
magnetization (= 450,000Am™) is taken for these particles

[8]. Here we have considered only those portions of blood
vessels, which are oriented perpendicularly to the direction of
the magnetization. The intensity of the magnetic field in the
direction of magnetization for the cylindrical magnet is given

by [9] et

y
Where “a’ is the radius of the cylindrical magnet. oy is the

direction of magnetization oriented perpendicular to the
direction of blood vessel feeding the tumor (Figure 1). The
value of the constant C, is defined in TABLE 1.

Since the magnetic field varies over a length scale,
typically O(102-10*m). The diameter of the capillary in
which targeting takes place is much smaller than the above
mentioned scale. So the magnetic force across a capillary
diameter is assumed constant.

The force that counteracts the magnetic force on the
particle in blood stream is due to the blood flow and can be
calculated as using the Stokes’ expression for drag force on a
sphere as [5] Fy =6mR,, (U-v). 4
Where 4 is the viscosity of blood, R, is the radius of the

magnetic nanoparticle, U is the velocity of blood and v is the
velocity of magnetic nanoparticles.

For the present problem, the blood flow has been
considered as laminar axi-symmetric flow of a viscous,
homogeneous, incompressible Newtonian fluid in cylindrical
blood vessel (capillary). The flow in capillary is assumed to
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follow Hagen-Poiseuille flow. The electrical conductivity of
blood is not taken into account.

The equations of continuity and motion for the flow
of magnetic nanoparticles and blood are

m%‘t) = uNyy (MVH), +671R,, (u—0). (5)
2
p@=—@+ﬂ 67L2J+£6—u +M(U—U)- (6)
ot oz or ror P

wherev is the velocity of magnetic nanoparticles, pis the
density of blood, pis pressure, Nis number density of
suspended nanoparticles, A(=6xR,,)is Stokes’ coefficient,
M is the mass of the magnetic nanoparticle (= p,v,,, p, IS

the density of the material of nanoparticle) and tis the time
parameter. The initial and boundary conditions are
ati_g yop=¥_gand at r=Rr, u=0. (7)
ot
Where R is the radius of capillary.

3. NON-DIMENSIONALIZATION

We rescale our mathematical model in the following manner,
denoting non-dimensional variables with bar:

;:L’2:£’£/=l’ t= t 'G:B’ [)=ﬁ’7: PR’ o HC (8)
R R R pR? \Y v pv2 H,
Where , is the kinematic viscosity and H is the intensity
V="

P

of magnetic field at the surface of the magnet.

After dropping the bars, the governing equations transform to
give

ov
E:(@VH)Y +w,(u-0) 9)
ou_ op (0°u 1laou (10)
— =T +—— |+ —u)
ot oz {ar2 r arJ Alo-u)
Where  v,MHR?,  _6mR,R* and | nar?

= S MERCy g = 2 =

and the initial and boundary conditions are

att=0, y=p :%Lt‘ _p.andaty 1 u :o.,%P: p, _ constant. (11)
/A

Let y, - (vH),
On solving equations (9) and (10) using the initial and
boundary conditions in (11), we get,
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The volumetric flow rate or the total flux across any section
i.e. the total volume of the fluid crossing any section per unit
time is given by
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Skin friction on the surface of the capillary due to fluid is
given by
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Where vi=w,+¢ +4, ¢ = o,
4. RESULTS AND DISCUSSION

The fluid (blood) velocity is maximum at the center of the
capillary i.e. at r=0 and decreases as the radial distance
increases and zero at the capillary wall. Also it is found that
the velocity distribution of blood flow is parabolic and same
at all the times (figure 2).

The flow behavior of magnetic nanoparticles is
shown in figures 3, 4 and 5 with different distances (y)

between the magnet and the capillary. Initially at time t=o,
this profile is same in nature as of blood (i.e. maximum at
r—=0 and zero at the capillary wall). Also it is clear that the
parabolic nature of nanoparticles flow gradually decreases
with increasing time. Figures 6 and 7 show the velocity
distribution of magnetic nanoparticles at time 0.land 0.12
sec. for different distances (y) between the magnet and the

capillary. These figures show that as the time increases,
velocity increases in negative direction. The negative sign
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indicates that there exists a back-flow towards the magnetic
region and also this negative speed increases as the radial
distance increases. After a small time they attain a maximum
(constant) negative speed depending upon the distance
between the magnet and the capillary (figure 8). Also from
figures 6, 7 and 8, it is clear that lesser the distance between
the magnet and the capillary, greater the velocity of magnetic
nanoparticles by which they move back towards the magnetic
region. Figure 9 and 10 represents the changes in volumetric
flow () and shear stress (s_) against time. Since initially, the

magnetic nanoparticles move in the direction of blood flow.
With increases in time, the nanoparticles move back towards
the magnetic region and therefore the total flux across any
section reduces (figure 9). Also, the nanoparticles experience
a force (skin friction) against in the direction of their flow. So
it is initially negative but as the time increases, the particles
start to flow in reverse direction, thus skin friction takes the
positive value (figure 10). The parameter values are given in
TABLE I.
5. CONCLUSIONS

We have formulated a model of blood and magnetic
nanoparticles transport in the very small sized vessels (i.e.
capillary). Based on the velocity profiles of magnetic
nanoparticles, it is clear that a high magnetic field strength
and gradient is desirable for magnetic nano-drug targeting. In
the model presented in this paper, it can be achieved by
decreasing the distance of the magnet from the vessel. This
study also showed that the magnetic saturation, fluid (blood)
speed, particle size and amount of solid content have large
significance related to how well the magnetic nanoparticles
geometrically localized by the applied magnetic field.
However, the best value for the particle size and the number
density of nanoparticles has yet to be investigated.

Since the drug targeting is effected by pulling
magnetic particles to the edge of the vessels (capillary) and as
in our model the magnetic field strength and gradient depends
upon the distance between the magnet and vessel wall, so the
magnetically targeted drug delivery by external magnetic
field is more effective for the targets close to the surface of
the body in comparison to the interior regions of the body.
The drug delivery using the magnetic nanoparticles under a
magnetic field is better than other drug delivery devices
because the particles (drug coated) move back to the diseased
area where the magnetic field is applied without affecting the
flow behavior of blood in the capillary.

6. APPENDIX
Pressure:
For the steady axi-symmetric flow of incompressible fluid
(i.e. Hagen-Poiseuille flow), the equation of motion in
cylindrical coordinates reduce to

;,[Mgau]_ap_o

o ror) ¢
Since Pis a function of zalone and Uis a function of
I alone, the above equation may be written as

u 1o o
Mo vor )

Differentiating both sides w.r.t. Z , we get,
dp _, _constant, [@ﬁ‘i“}i
dz ¢ or* ror) u
-PR*-r?) _-PR®  (at r=0)

4u Adu
The average velocity distribution for the present flow is given

by L

u =

u

max

u=

27R Pz R 2 B u max
a ”Rzl[J;urdrd 0 = - sy~ 2
From [9], the average velocity of blood in the capillary of
mouse is 7x107ms™.
So we get, P, = % =B _ 18.66x10°Kgm s 2,

0.

In non-dimensional form (on dropping bar),
we get, p, =—0.0059
Number Density of nanopatrticles:
The density of magnetite- 5 1x10° kgm.
From [9], in mouse the assumed length of the
capillary=6x10"“m.
So the volume of capillary (cylinder)=1.697x10"*m?.
The volume of a nanoparticle _4 , = _4 22 (10x10° f m.

3" T3
Again from [9], the dose of 250.g Fe per mouse is injected.
So we also assume that 50,9 magnetite is injected per
mouse.
So the number of nanoparticles (radius=10nm) in
25049 Magnetite =11.69x10%.
If it is assumed that 11.69x10% nanoparticles remain in
1.697 x 10~ m? (assumed volume of capillary).
Thus the number density of
nanoparticles= 6.88x10% particles/ m®.
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Figure 1. Targeting of Magnetic ‘Nanoparticles at a
specific site inside the body using a cylindrical magnet
positioned outside the body.

Figure 2. The spatio-temporal dynamics of the blood
velocity u(r,t).

Figure 3. The spatio-temporal dynamics of velocity of
nanoparticles ). In this simulation, the distance

between the magnet and the capillary surface is
y =2.5cm.

Figure 4. The spatio-temporal dynamics of velocity of
nanoparticles ). In this simulation, the distance

between the magnet and the capillary surface is y = 4cm.

Figure 5. The spatio-temporal dynamics of velocity of
nanoparticles ). In this simulation, the distance

between the magnet and the capillary surface is y - gem,
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Figure 6. The velocity distribution of magnetic
nanoparticles at time t=0.1 sec. for different distances (y)

between the magnet and the capillary surface.
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Figure 7. The velocity distribution of magnetic
nanoparticles at time t=0.12 sec. for different distances
(y) between the magnet and the capillary surface.
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Figure 8. The velocity distribution of magnetic
nanoparticles at time t=0.2 sec. for different distances
(y) between the magnet and the capillary surface.

Volumetric flow (F) vs. time (t)
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Figure 9. Volumetric flow rate at different distances
(y)between the magnet and the capillary surface.

skinfriction (S) vs. time (t)
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Figure 10. Skin friction on the capillary
surface against time when the magnet is
placed at different distances (y)from the

capillary surface.
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