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ABSTRACT

The role of Casimir forces in the stability of micro
and nano electromechanical devices is studied taking
into account the dielectric properties of the materials
using Lifshitz formula. The calculations are done for a
one-degree of freedom simple-lumped system for differ-
ent materials. The results of the stability are derived
from the bifurcation diagram of the system.
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1 INTRODUCTION

Nano and Micro electromechanical systems (NEMS
and MEMS) have reach a length scale at which forces
of quantum origin, such as Casimir forces, play an im-
portant role [1]–[3]. A limiting factor in the operation of
nems/mems is the jump-to-contact or snap-down due to
the instability produced when the actuating force equals
an elastic restitution force between movable parts. If the
elastic force is overcome, moving parts of the device ad-
here to each other. The phenomena of snap-down has
been studied extensively when the actuating force is of
electrostatic origin [4]–[7] for different systems such as
membranes, cantilevers, fixed-fixed beams, among oth-
ers. In these situations, the actuating force arises from a
voltage difference between movable parts of the device.
For a toy-model consisting of two parallel plates with an
initial separation z = L0, the force between the plates if
they are held at a potential difference V goes as ∼ 1/z2,
the snap down happens when the plates are at a sepa-
ration of zc = L0/3 [6]. In general, it can be shown that
if the force varies as ∼ 1/zn the jump to contact occurs
at zc = L0/(n + 1).

Even if the plates are held at a zero potential there is
always an attractive Casimir force. This force is due to
the fluctuating vacuum electromagnetic field, and can
be regarded as a macroscopic manifestation of retarded
van der Waals forces [8], [9]. As will be discussed in the
next section, this force depends strongly on the dielec-
tric properties of the materials attaining a maximum
value when ideal perfect conductors are considered. Al-
though this is a minute force, several authors have stud-
ied its role in the operation of mems and nems. For

example, Chan showed that a micro torsional balance
could be driven into its nonlinear modes when actuated
only by a Casimir force [1]. Serry and Maclay [10]calcu-
lated the deflection of a micro membrane strip due to the
Casimir force taking into account the finite conductivity
of the plates in an approximate way. Other authors have
studied the problems of stability assuming only perfect
conductors [11]–[13] as in the original derivation of this
force [14]. The role of finite conductivity was fully taken
into account by Lifshitz [15] and the stability analysis
for real materials was recently presented by the authors
[16]. In this work we give a brief summary of Lifshitz
formalism and how to calculate the Casimir force in Sec-
tion 2. Then, we present the general expressions for the
stability analysis and show how it can be modified for
different materials.

2 CASIMIR FORCES

The Casimir force can be understood as a macro-
scopic manifestation of quantum vacuum fluctuations.
Casimir original calculation, considered two neutral par-
allel plates separated a distance L made of perfect con-
ductors. The attractive force per unit area between
them will depend only on the separation and fundamen-
tal constants as

F = −
h̄cπ2

240L4
, (1)

where h̄ is Planck’s constant and c is the speed of
light in vacuum.

If the two plates have a finite conductivity, the at-
tractive force between them is given by Lifshitz formula
that considers the retarded Van der Waals force be-
tween macroscopic bodies. The Casimir force can be
derived considering the fluctuating electromagnetic field
between the plates. Let this electromagnetic field be
characterized by its wave vector q = ω/c =

√

Q2 + k2,
where ω is the angular frequency, Q and k are the wave
vector components parallel and perpendicular to the
plates respectively. We assume isotropic plate. In terms
of the reflection coefficients for p and s polarized elec-
tromagnetic waves, rp and rs, the Lifshitz formula is

F = −
h̄c

2π2

∫

∞

0

QdQ

∫

∞

0

kdq(Gs + Gp), (2)
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Figure 1: Model and coordinate system used in the cal-
culation

where Gs = (r−2

s exp (2ikL) − 1)−1 and Gp =
(r−2

p exp (2ikL) − 1)−1. Eq. (1) for ideal conductors
is obtained when |rp| = |rs| = 1 for both plates.

Lifshitz formula allows the calculation of the Casimir
force is a straightforward manner. Given the materials
of the plates, calculate the reflectivities for both polar-
izations for which the dielectric function of the plates
ε(ω) is needed. Then, the integrals have to be calcu-
lated. For ease of calculation it is convenient to evaluate
the integrals along he imaginary frequency axis chang-
ing ω by iω. Typically Eq. (2) is written in the rotated
frequency axis [9].

3 The problem of stability

Many mems and nems can be modeled by a one-
degree of system simple lumped system as the one shown
in Fig.1.

The moving plate of mass m obeys the equation of
motion

m
dz

dt2
= −kz + F, (3)

where F is the actuating force. As an illustrative ex-
ample, let us assume that the actuating force is given
by Eq. (1) for perfect conductors. The steady state
solution (left hand side of Eq. (3) yields

0 = −κz +
h̄cπ2A

240(L0 − z)4
, (4)

where A is the area of the plates. Introducing the vari-
able v = z/L0, the previous equation becomes

0 = −(κL0)v +
h̄cπ2A

240L4

0

1

(1 − v)4
. (5)

Equivalently, we have

λ = v(1 − v)4, (6)

where λ = Ah̄cπ2

240L4

0

1

κL0
.

Physically, λ gives the ratio of the Casimir force when
the plates at a distance L0 to the elastic force. When
v = 1 the plates are at the initial separation L0. The
set of all points (v, λ) defines the bifurcation diagram.
At the maximum point the jump-to-contact occurs. Let
this maximum be (vc, λc).

The previous analysis can be use for the more gen-
eral Lifshitz formula Eq.(2) and in the steady state the
resulting equation, equivalent to Eq. (6) is

0 = −v +
120

π4
λ

∫

∞

0

Q̃dQ̃

∫

∞

0

dq̃k̃(Gs + Gp) (7)

The quantities with tilde are normalized to L0, for
example Q̃ = QL0. This is done to introduce again the
bifurcation parameter λ.

In Figure 2, we present the bifurcation diagram for
the parallel plate system when we have ideal conductors
and when the plates are made of Si or SiN. The value
of v at which the maximum occurs depends only on the
functional dependence of the actuating force with plate
separation, while the value of λ depends on the dielectric
properties of the plates [16]. From Lifshitz formula Eq.
(2) we see that if the reflectivities go to zero, so does
the Casimir force. Thus, if mems/nems were made of a
low reflectivity material in a wide frequency range, the
value of λc will go to infinity and no snap-down will
occur. Another alternative to inhibit the snap-down is
to use repulsive Casimir forces using high µ magnetic
materials [17], [18].

Being able to change the value of λc is important.
For example, if we keep the area and initial separation
L0 constant, from the definition of lambda we see that
κ ∼ 1/λc. Thus, increasing the value of λc allows us to
decrease the elastic constant of the system keeping the
same stability conditions. The same argument can be
used if we keep κ constant and want to reduce the initial
separation L0.

4 CONCLUSIONS

The role of Casimir forces in micro and nano technol-
ogy has just been explored recently. This force depends
on the dielectric function of the materials, being stronger
for conductors. In this work we have presented a ba-
sic stability analysis of a one-degree of freedom simple
lumped system using Lifshitz formula for the Casimir
force. The critical separation at which the jump-to-
contact occurs is the same regardless of the material.
It depends only on how the force varies with distance.
The maximum value of the bifurcation parameter does
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Figure 2: Bifurcation diagram for an ideal metal, Si
and SiN . The maximum occurs at v = 1/5 due to
the dependence of the force with plate separation. The
value of λc depends on the dielectric functions of the
materials.

depend on the dielectric properties of the materials. The
jump-to-contact becomes less important if low reflecting
materials are used in the fabrication of the devices. In
this work we assumed constant values for the dielec-
tric functions of Si and SiN. However, frequency depen-
dent or even non-local dielectric functions can be used
[19]–[21]

Acknowledgements. This work was partially sup-
ported by CONACyT 36651 grant and DGAPA-UNAM
101605.

REFERENCES

[1] H. B. Chan, V. A. Aksyuk, R. N. Kleiman, D.
J. Bishop, and F. Capasso Phys. Rev. Lett. 87,
211801 (2001).

[2] E. Buks and M. L. Roukes, Europhys. Lett. 54, pp.
220-226 (2001).

[3] E. Buks and M. L. Roukes, Phys. Rev. B 63, pp.
033402-033402-4 (2001).

[4] J. A. Pelesko, SIAM J. Appl. Math., 62, pp. 888-
908 (2002).

[5] G. Flores, G. A. Mercado and J. A. Pelesko, Pro-
ceedings of IDETC/CIE, 19th ASME Biennial Con-
ference on Mechanical Vibrations and Noise, pp.
1-8, (ASME publisher, New York, 2003).

[6] J. A. Pelesko and D. H. Bernstein, Modeling MEMS

and NEMS , (Chapman & Hall/CRC, Boca Raton,
Florida, 2003).

[7] Y. Nemirovsky and O. Bochobza-Degani, J. of Mi-
croelectromechanical Sys. 10, 1057-7157 (2001).

[8] S. K. Lamoreaux, Rep. Prog. Phys. 68, 201 (2005).
[9] M. Bordag, U. Mohideen, and V. M. Mostepa-

nenko, Physics Reports 353, 1-205 (2001).
[10] F.M. Serry, D. Walliser and G. J. Maclay, J. Appl.

Phys. 84, pp. 2501-2506, (1998).

[11] Y. P. Zhao, L. S. Wang and T. X. Yu, J. Adhesion
Sci. Technol., 17, pp. 519-546 (2003).

[12] J. G. Guo and Y. P. Zhao, J.of Microelectrome-
chanical Systems, 13, pp. 1-9 (2004).

[13] D. Jianning, M. Yonggang, W. Shizhu, Science in
China (Series A) 44 supplement, 255 (2001).

[14] H. B. G. Casimir, Proc. Kon. Ned. Akad. Wet. 51,
793 (1948).

[15] E. M. Lifshitz, Sov. Phys. JETP 2, 73 (1956).
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