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ABSTRACT 

A model is presented for predicting the capture of 
therapeutic magnet nanoparticles in the microvasculature. 
The particles are functionalized with surface-bound 
anticancer agents and directed to malignant tissue using an 
applied magnetic field. The model takes into account the 
dominant magnetic and fluidic forces on the particles. The 
magnetic force is predicted using a linear magnetization 
model for the magnetic response of the particles. The 
fluidic force is based on Stokes’ law wherein the blood 
viscosity is determined using an empirically-based 
analytical expression that accounts for blood flow in the 
microvasculature. The model is demonstrated for a 
noninvasive magnetic targeting system. The equations of 
motion are solved numerically to predict particle transport 
and capture for this system, and the analysis demonstrates 
the viability of using noninvasive magnetophoretic control 
to effect drug delivery to tumors that are within a few 
centimeters of the field source.  The model presented here 
enables rapid parametric analysis of system performance, 
and is well-suited for the optimization of invasive or 
noninvasive drug delivery systems. 
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magnetophoretic particle capture, drug targeting in 
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1 INTRODUCTION 

Magnetophoretic targeting of malignant tissue using 
anticancer agents bound to magnetic carrier particles has 
the potential to improve the effectiveness of anticancer 
treatment while reducing deleterious side effects. There is 
growing interest in this therapy due to rapid progress in the 
development of therapeutic magnetic nanoparticles that are 
custom tailored to target a specific tissue, and effect local 
chemo-, radio- and gene therapy at a tumor site [1]. In 
magnetic drug targeting, magnetic carrier particles with 
surface-bound drug molecules are injected into the vascular 
system, upstream from malignant tissue, and captured at the 
tumor using an applied magnetic field. Figure 1 illustrates 
an example of noninvasive targeting in which the field 
source is positioned outside the body.  

 
                 

 
     
Figure 1: Noninvasive Magnetic Drug Targeting.  

 
In this article we present a model for predicting 

magnetic targeting of therapeutic mico/nano-particles in the 
microvasculature. We demonstrate the model by applying it 
to the system shown in Fig 1. Here, the applied field is 
provided by a rare-earth cylindrical magnet that is 
magnetized perpendicular to its axis. The magnet is 
assumed to be of infinite extent, with an orientation that is 
orthogonal to the microvessel (Figs. 1 and 2). We use 
analytical expressions for the dominant magnetic and 
fluidic forces.  The magnetic force is obtained using a well-
known field solution for the magnet combined with a linear 
magnetization model for the magnetic response of the 
particles. The fluidic force is based on the assumption of 
laminar blood flow through a cylindrical microvessel, and 
the blood rheology is taken into account using an 
empirically-based formula for the effective blood viscosity. 
We use the force expressions in the equations of motion, 
which are solved numerically to predict particle trajectories 
within the microvessel. The analysis demonstrates the 
viability of using noninvasive magnetophoretic control to 
effect targeted delivery of therapeutic drugs to tumors that 
are within a few centimeters from the field source. The 
model presented here can be adapted to a variety of 
targeting systems, both invasive and noninvasive, and is 
ideal for parametric optimization of magnetic drug delivery 
systems. 
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Figure 2: Reference Frame for Analysis. 
 

  

2 THEORETICAL MODEL 

Magnetic particle transport in the microvasculature is 
governed by several factors including (a) the magnetic 
force due to an applied field, (b) the fluidic drag force, (c) 
particle/blood-cell interactions (blood rheology), (d) inertia, 
(e) buoyancy,  (f) gravity, (g) thermal kinetics (Brownian 
motion), (h) particle/fluid interactions (perturbations to the 
flow field), and (i) interparticle effects such as magnetic 
dipole-dipole interactions. In this paper, we take into 
account the dominant magnetic and fluidic forces, and 
particle/blood-cell interactions via an effective blood 
viscosity that is a function of the diameter of the blood 
vessel and the level of hematocrit.  

We predict particle transport using Newton’s law,  
          p

p m f

d
m

dt
= +

v
F F ,  (1) 

where pm and pv  are the mass and velocity of the particle, 

and mF  and fF  are the magnetic and fluidic forces 
respectively. The magnetic force is given by 

              ( )m 0 p p aVµ= •∇F M H ,   (2) 

where pV  and pM  are the volume and magnetization of 

the particle, and aH  is the applied magnetic field intensity 
inside the particle (we use the value at the center of the 
particle). The fluidic force is obtained using the Stokes’ 
approximation for the drag on a sphere  

                                                                
f p p f6 R ( ),πη= −F v - v                       (3) 

where η  and fv are the viscosity and the velocity of the 
fluid, respectively.  

The Newtonian approach does not take into account 
Brownian motion, which can influence particle capture 

when the particle diameter pD is sufficiently small. Gerber 
et al. [2] have developed the following criterion to estimate 
this diameter 

 pF D kT≤ , (4) 

where F  is the magnitude of the total force acting on the 
particle, k is Boltzmann’s constant, and T is the absolute 
temperature. For particles with a diameter below this value 
one solves an advection-diffusion equation for the particle 
concentration c , rather than the Newtonian equation for the 
trajectory of a single particle. The concentration is 
governed by the following equation [2], 

  0,c
t
∂

+∇• =
∂

J , (5) 

where D F= +J J J  is the total flux of particles, which 

includes a contribution D D c= − ∇J  due to diffusion, and 

a contribution F c=J v  due to the action of all external 

forces. The diffusion coefficient D  is given by the Nernst-
Einstein relation D kTµ= , where 1/(6 )pRµ πη=  is the 

mobility of a particle of radius pR in a fluid with viscosity 
η  (Stokes’ approximation). The drift velocity also depends 
of the mobility µ=v F , where m f= + +F F F  is the total 
force on the particle.  

2.1 Magnetic Force 

Consider the noninvasive targeting system shown in 
Figs. 1 and 2. The magnet has a radius magR  and is 
centered with respect to the origin in the x’-z’ plane as 
shown in Fig. 2. The magnet is magnetized to a level 

sM perpendicular to its axis. The field solution for this 
structure is well-known, and its field components in 
cylindrical coordinates are (p. 179 of  [3]) 

 
2
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and 
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To determine the magnetic force, we need an expression for 
the magnetic response of the particles. We use a linear 
magnetization model with saturation in which  
 
   

p a a(H )=M Hf ,  (8) 

where 
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Msp is the saturation magnetization of the particle, and pχ  

and fχ are the susceptibilities of the particle and fluid 
respectively [4].  We evaluate the force components in the 
(x,y,z) coordinates centered with respect to the microvessel  
(Fig. 2) and obtain  

 2 4
0 p a 2 2 3

( )F V (H )M
2(( ) )mx s mag

x df R
x d z

µ +
= −

+ +
, (10) 

and 

 2 4
0 p a 2 2 3F V (H )M

2(( ) )mz s mag
zf R

x d z
µ= −

+ +
. (11) 

 
The component Fmx governs particle capture and from Eq.  
(10) we find that it is always attractive (towards the 
magnet) because d x>> .  

2.2 Fluidic Force  

We assume fully developed laminar flow in the blood 
vessel with the flow velocity parallel to the z-axis, which is 
defined by a velocity distribution    

      ( )
21/ 22 2

f f
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v ( , ) 2 v 1
x y

x y
R
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      (12) 

where fv  is the average fluid velocity in a microvessel of 

radius vR . Thus, the fluidic force components are  
 

fx x6 v ,pRπη= −F  (13) 
 

fy y6 v ,pRπη= −F  (14) 
and 
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2.3 Effective Viscosity 

To evaluate Eqs. (13) - (15) we need an expression for 
blood viscosity η . Blood is a suspension of red and white 
blood cells (erythrocytes and leukocytes), and platelets in 
plasma. Blood plasma (absent the cells and platelets) is an 
incompressible Newtonian fluid with a viscosity 

20.0012 N s/mplasmaη = ⋅ . Red blood cells, when 
unperturbed, have a biconcave discoid shape with a 

diameter of 6-8 µm, and a thickness of 2 µm. These cells 
account for approximately 99% of the particulate matter in 
blood. The hematocrit, which is the percentage by volume 
of packed red blood cells in a given sample of blood, is 
nominally 40-45%. The rheological properties of blood in 
the microvasculature depend on many factors including the 
diameter of the blood vessel, the flow velocity, the 
hematocrit, the finite size of the blood cells, their elastic 
properties, the aggregation and deformation of the blood 
cells, etc. We use an analytical empirically-based 
expression for the in vivo viscosity η , which applies for 
medium to high shear rates  

 fv / 50 /D s> . (16) 
Specifically, the apparent blood viscosity (relative to that of 
plasma) can be estimated using [5].   
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In Eq. (17), D is the diameter of the vessel in microns, HD is 
the hematocrit (normally 0.45), and  

 
0.6450.085 0.06

0.45 6 3.2 2.44D De eη − −= ⋅ + − , (18) 
and 
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DC e
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−
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Equation (17) gives the viscosity relative to that of the 
plasma.  Thus, the effective blood viscosity η  in Eqs. (13) 
- (15) is given by 

 .rel plasmaη η η=  (20) 

3 RESULTS 

We demonstrate the model via application to 
noninvasive drug targeting using magnetite (Fe3O4) 
nanoparticles. Fe3O4 particles are biocompatible, and have 
the following material properties: 35000 kg/mpρ = , and 

5M 4.78 10  A/msp = × . The magnetization function (9) for 
these particles reduces to  

 
a sp

a

a a sp

3 H M / 3
(H )

M / H H M / 3
f

 <
= 
 ≥ sp

. (21) 

We first compute the magnetic force along the axis of the 
microvessel for 4 4mag magR z R− ≤ ≤ . We use a rare-earth 

NdFeB magnet, 5 cm in diameter ( magR  = 2.5 cm), with a 

magnetization 5M 8 10  A/ms = ×  ( B 1.0 Tr = ). The 
magnet is positioned 2.5 cm from the axis of the 
microvessel (d = 5 cm in Fig. 2). The force is computed on 
a Fe3O4 particle 0.5 µm in diameter (Rp = 250 nm). Plots of 

mxF  and myF , along with corresponding data obtained 
using finite element analysis (FEA), are shown in Fig. 3. 
The vertical force mxF , which is responsible for particle 
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capture, is always negative (attractive towards the magnet), 
and is strongest immediately above the center of the magnet 
( / 0magz R = ). The horizontal force mzF  peaks at the edges 

( / 1magz R = ± ), and alternates in sign from one edge to 
the other. Thus, as a particle moves horizontally above the 
magnet it experiences a horizontal acceleration as it passes 
the leading edge of the magnet, followed by a deceleration 
as it passes the trailing edge. mzF is relatively small and 
insufficient to hold the particle in place against the fluid 
force, even at the edge of the microvessel. Nevertheless, we 
assume that a particle is captured once it contacts the inner 
wall of the microvessel due to the action of adhesive forces, 
and the influence of the normal magnetic force. 

    
Figure 3: Magnetic force components on a Fe3O4 

nanoparticle (• = FEA). 
 
We study particle transport through a microvessel with 

a radius vR = 50 µm and an average flow velocity 

fv 10 mm/s= . We assume that the hematocrit is 45% and 
compute the viscosity using (17)-(20) with 

20.0012 N s/mplasmaη = ⋅ . We use the same magnet as above, 
positioned 15 mm from the microvessel (d = 4 cm in Fig. 
2).  The particle has a radius Rp = 200 nm and starts 
upstream at (0) 4 magz R= − where the magnetic force is 
negligible. The initial velocity equals the on-axis flow 
velocity (i.e., v (0) 0x = , v (0) 0y = , 

and fv (0) 2v 20 mm/sz = = ). We compute the trajectory 
of the particle as a function of its initial height in the 
microvessel. Specifically, we numerically integrate Eq.  (1) 
using a fourth-order Runge-Kutta method, and compute a 
series of trajectories with (0)x  = 0, ±0.2Rv, ±0.4Rv, 
±0.6Rv, ±0.8Rv and (0) 0y =  (Fig. 4). The analysis shows 
that particles that start at (0) 0.2 vx R≤  will be captured, 
while those starting higher (i.e. farther from the magnetic) 
will not. We consider 100% capture efficiency to occur 
when all particles are captured, and we compute the 
minimum particle radius required to achieve this by setting 

(0) vx R= . A plot of the minimum particle radius required 
for 100% capture efficiency as a function of the distance 
from the magnet to the microvessel is shown in Fig. 5.  As 

expected, larger particles are required to target tissue farther 
from the magnet (i.e. deeper in the body cavity). 

      
Figure 4: Particle trajectory vs. initial height in 

microvessel.                       
 

               
 

Figure 5: Minimum particle radius required for 100% 
capture efficiency vs. distance from the magnet. 

 

4 CONCLUSION 

A model has been presented for analyzing magnetic 
drug targeting in the microvasculature. This model enables 
rapid parametric analysis of drug targeting systems for 
research and clinical applications. 
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