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Abstract

In this paper, we present a methodology of generating 

microfluidic macromodels for 3-D non-linear 

microchannels using the proper orthogonal decomposition

(POD) as well as the Galerkin method. The generated 

macromodels consists of basis functions and a low-order 

ODE model.  In order to generate the basis functions, the 

ensembles of snapshots of fluidic field distributions are 

calculated by a FEM/FVM solver.  Then the POD was 

employed to extract the basis functions from the ensembles.  

The Galerkin condition was adopted to create the low-order 

ODE model.  Compared with the full-meshed simulations, 

the generated macromodels not only provide accurate 

results, but also give three order-of-magnitude speed-ups. 

Also, we demonstrate that it is possible to create the 

macromodel of a complicated channel by assembling the 

low-order ODE models and the basis functions of other 

simple channels. 

Keywords: macromodel, microfluidic, POD, Galerkin 

method 

1 Introduction 

There are numerous applications in microfluidic 

systems, such as DNA sample detection, cell separation, 

PCR, micromixer, and so on [1].  Microchannel is one of 

the most fundamental building blocks for microfluidic 

devices.  The typical modeling tools for microchannels are 

the finite-element (FEM) or the finite-volume (FVM) 

solvers.  These tools, although commercially available, 

usually require significant computational resources for the 

devices with complicated 3D geometries.  Furthermore, if 

any design parameters are changed, the same computational 

resources are needed again for new computations.  In this 

work, we develop a methodology that employs a 

model-order-reduction (MOR) technique [2-4] to generate 

accurate time-domain macromodels from 3-D full-meshed 

simulations.  The microfluidic governing equation, the 

Navier-Stokes equation, is reduced to compact nonlinear 

low-order ordinary differential equations using the Galerkin 

condition.  The velocity bases are generated from the 

snapshots of the CFDRC® simulations by using the proper 

orthogonal decomposition (POD) [5].  The flowchart of 

the procedure is shown in Figure 1.  The macromodeling 

of the simple rectangular channel (SRC) and the L-shaped 

channel (LSC) will be studied thoroughly in this work.  

The accuracy as well as speed-ups of their corresponding 

macromodels will also be provided.  We will demonstrate 

that the macromodel of a very complicated microchannel 

can be built by assembling the macromodels of a few basic 

building blocks.  The assembling process includes two 

steps: (1) concatenation of basis functions and (2) 

combination of system matrices. The macromodels of 

microchannels possess modularized property that enables 

efficient system-level design for microfluidic systems.  
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Figure 1: The procedure of the macromodeling 

2 Macromodeling of Microfluidic Systems 

The governing equation used in this work is the 

Navier-Stokes equation and the continuity equation : 
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where  is the density of the fluid, V  is the velocity 

vector field, g  is the acceleration gravity, P  is the 

pressure, and  is the viscosity coefficient.  Note that 

here we assume that the fluid is incompressible and the 

gravity effect is negligible.  

For using the Galerkin method to reduce the fluidic 

governing equations into low-order models, the 

velocity/pressure distribution are approximated as the 

superposition of the velocity/pressure basis function 
i

and the time-depend coefficients )(ti
:
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where t  is the time variable, n  is the total number of the 

snapshots.  Assume Equations (1) and (2) can be written 

as the following forms: 

fL )(                       (4) 

where L  is either the differential operator for the 

Navier-Stokes equation or the continuity equation, and 

is the exact solution of fields of the partial differential 

equations.  In this case,  is the velocity distribution or 

the pressure distribution. 

 The Galerkin condition requires that  
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Therefore, Equation (1) and (2) can be rearranged as a set 

of ordinary differential equations that is reduced from the 

original partial differential equations: 
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where M  is the mass matrix, N  is the convection matrix, 

A  is the diffusion matrix, e  is the effect of the outside 

force and Q  is the continuity matrix.  The details of 

these matrices can be found in Appendix I.   
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The time-dependent coefficient vector  in Equation 

(6) can be easily solved by time integration.  The detailed 

field distributions (i.e., velocity and pressure) for each time 

step can be explicitly evaluated using Equation (3) once 

is obtained.  In Section IV, we will present a few 

microfluidic modeling cases using this macromodeling 

technique.

3 Proper Orthogonal Decomposition 

In this section, we will describe the fundamentals of 

using the proper orthogonal decomposition (POD) 

technique to extract the basis functions for nonlinear micro 

fluid systems. This method is desirable for microfluidic 

modeling because it yields a small set of orthogonal basis 

functions that are capable of representing the physical field 

distributions of nonlinear systems when used with the 

Galerkin method.  The brief description is as follows. 

Considering a set of vector fields )(iU  which is an 

ensemble of snapshots of a dynamical system’s behavior.  

Assuming that a vector field  that can approximate the 

vector fields )(iU  as much as possible.  Therefore, we 

may define a parameter  as: 
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where i  is the index for the i-th snapshot, n  is the total 

number of the snapshots.  Note that here ),( gf  is the 

inner product of two functions f and g.

Mathematically, Equation (7) is the average of the 

normalized inner product of )(iU  and .  Obviously, the 

larger the , the better the vector field  approximates 

the set of the U  fields. Assume that  is a linear 

combination of the snapshots )(iU :
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Substituting Equation (8) into (7), the max  can be 

obtained by varying the weighting coefficients 
iw .  In 

order to simplify the derivation, we define an operator K

as:
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And thus Equation (7) can be written as: 
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We assume that *  is corresponding to the 

maximum value of .   After rearranging Equation (11), 

we obtain the following eigenvalue problem: 
**K           (12) 

Using Equation (8), the eigenvalue problem can be written 

in terms of the weighting coefficients: 

ijij WWC          (13) 
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Equation (13), 
ijC  is the spatial correlation matrix in 

which i  and j  are corresponding to the i-th and j-th

snapshots, respectively.  
iW  is the eigen-vector of the 

spatial correlation matrix that contains the weighting 

coefficients for the specific eigen-value .  The 

eigen-values of the eigen-problem (Equation 13) are 

arranged as. 
n321

. The basis functions can 

be written as: 
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p
 is the sub-space of the POD, where np 2,1 .  Also, 

p
 is in fact the linear combination of the snapshots with 

the weighting coefficients solved by the eigen-problem, and 

also known as the basis function of the system.   

4 Case Studies  

In this section, we will present the macromodeling 

results for two types of microchannels with different 

geometrical complexities.  The CFDRC® is employed to 

generate the velocity and pressure snap-shots that will be 

used to obtain the basis functions by the POD. 

4.1 Simple Rectangular Channel(SRC) 

The first modeling case is the SRC, whose schematic 

view is shown in Figure 2.  The typical dimensions of 

cross-section for microchannels are about 100 m , and the 

dimensions for this case are also shown in Figure 2.  The 

pressure boundary condition on the inlet surface is 0P , and 

the pressure is zero on the surface of outlet.  The velocity 

on the channel walls is zero.  Note that 0P  is the 

prescribed variable that can be a function of time and 

spatial coordinates. 
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Figure 2: The model of the simple rectangular channel 

4.1.1 Preliminary Macromodeling Results

We assume that the fixed input pressure 2
0 5 mNP .

The fluidic properties are listed in Table 1.  A transient 

CFDRC simulation is performed until steady state is 

reached.  The snapshots of the field distributions are 

extracted from the simulations at specific time steps.  For 

this case, the total number of snapshots (time steps) is 100.  

Figure 3 shows the normalized basis functions generated 

from the snapshots of CFDRC runs using the POD.  

Density 382.999 mkg

viscosity coefficient 2.001002.0 msN

dynamic viscosity coefficient smv 2610004.1

Table 1: the parameter of the fluid 

Using the basis functions as well as the macromodel 

that can be easily evaluated using Equation (6), the 

transient simulated results of the macromodels with 

different orders, as well as the transient full-meshed 

CFDRC results, are shown in Figure 4.  The local errors 

between the macromodels and the full-meshed (CFDRC) 

model are less than 1% for the order greater than 3.  

Obviously, increasing the order of the macromodel can 

effectively increase the accuracy of the models.  The 

transient error is relatively larger when the fluid is still 

unsteady ( 002.0t ), while the steady-state error is less than 

1% even for the case with order 1. 
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Figure 3: The basis function of the SRC 
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Figure 4: The average velocity of the macromodel for SRC 

4.1.2 The Reusability of Basis Functions

Generating the snapshots of field distributions for 

extracting basis functions requires considerable 

computational resource.  Therefore, for the same 

geometrical solid model, it will be very advantageous if the 

basis functions extracted from the model of a certain 

boundary condition can also be used for the case with 

different boundary conditions.  Figure 5 shows the 

transient error between the macromodels and CFDRC runs 

using two sets of basis functions that were generated by two 

different CFDRC runs ( 2
0 5 mNP  and 2

0 50 mNP ).  

The negligible discrepancy in the figure indicates that the 

basis functions can be reusable for different inlet pressure 

(driving) conditions. 

Figure 5:  The error of the macromodels using the basis 

functions extracted from the CFDRC runs with different 

inlet pressure

Also, we will demonstrate that the basis functions 

extracted from the fixed inlet pressure can be used for the 

case with time-varying inlet pressure.  For this case, the 

pressure on the inlet surface is represented as a 

time-varying function )cos1(500 twP c
, where 

cw  is 

srad3.833 .  The fluidic properties are the same as those of 

previous cases.  Using the same basis functions generated 

from the fixed-inlet-pressure case, the simulated transient 

results of the macromodel are shown in Figure 6.  Note 

that the macromodel of this case in exact the same as the 

fixed-inlet-pressure case except that the driving term  uses 

time-varying 
0P  (see Equation A1).  The discrepancy 

between the results of the macromodels and the full-meshed 

model is less than 2%, and the steady error is less than 1%.   
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Figure 6: The velocity u of the macromodel as the input 

pressure changes sinusoidally with time 

4.2 Macromodeling of L-Shaped Channels (LSC)

LSC is also one of the building blocks for microfluidic 

systems.  The dimension of the LSC is shown in Figure 7. 

The pressure of the boundary condition on the inlet surface 

is
0P , and the pressure is zero on the outlet.  The velocity 

on the channel walls is zero.  The fluidic properties are the 

same as those of the simple-rectangular-channel case, and 

the input pressure is 2
0 5 mNP .  Figure 8 shows the 

transient errors of the macromodels with different orders.  

Similar to the SRC, the error is relatively large when the 

fluid is still unsteady, while the error is negligible when the 

fluid reaches steady state. The macromodels with order 

greater than 2 give excellent results. 
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Figure 7: The model of LSC

Figure 8: The transient error of the L-shaped channel 

4.3 Computational Cost of Macromodels

The comparison between the computational times of 

the macromodels and the full-meshed CFDRC runs is listed 

in Table 2. This table also indicates the computational cost 

for generating macromodels (i.e., POD and Galerkin 

differentiation/integration calculations).  It has to be 

emphasized that the cost listed in Table 2(a) and Table 2(b) 

are in fact the one time cost during the macromodel 

generating process because macromodels are reusable.  

Obviously, since the macromodels only employ a few basis 

functions, it is not surprised that the computational 

efficiency of macromodels are at least three 

-order-of-magnitude higher than the full-meshed models. 
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Channel SRC LSC 

No. of Nodes 173061 607743

Simul time (=F) 69.3 min 35.4 hrs

Table 2(a): Results by CFD-RC (full-meshed model)  
Channel SRC LSC 

Macromodel Order 1st 2nd 3rd 1st 2nd 3rd 

POD compu. (sec) 7.5 (50 basis) 91.782 (10 basis) 

Compu. For x 176.6 4277 

ODE matrix (sec) 1.1 1.4 2 5.8 7.4 10.6

Table 2(b): Macromodels Generation Cost 
Channel SRC LSC 

Order 1st 2nd 3rd 1st 2nd 3rd 

ODE comp. time 0.1 0.1 0.1 0.1 0.1 0.2 

Simul. time (=R) 1.2 1.5 2.1 5.9 7.5 10.8 

Speed-up (=F/R) 3365 2692 1923 21582 16978 11790

Table 2(c): Macromodel Simulation Cost 

5 Assembling Macromodels 

Each macromodel includes a basis function and a 

low-order ODE model. It is possible that the macromodel 

of a complicated microfluidic channel be easily created by 

combining the macromodel of other channels without 

performing expensive full-meshed FEM runs. The 

assembling procedure includes two steps: the first step is to 

concatenate the basis functions of the two modules.  The 

second step is to combine the matrices of the macromodels 

to form a new macromodel.  The two steps are described 

as follows:

(a) Concatenating Basis functions
Assuming that Channel A and Channel B will be 

assembled.  The inlet of the new system is on Channel A.  

For each mode of the POD-extracted basis function, the 

normalized velocity profile on the outlet surface of 

Channel A and the normalized velocity profile on the inlet 

surface of Channel B are almost the same, since the 

extracted basis functions approximate fully-developed 

flow very well.  Therefore, the basis functions of the two 

channels can be concatenated after certain normalization 

process. 

(b) Constructing New Matrices of Low-order ODE Model
The Galerkin condition is in fact the inner product of 

the original governing equation and a corresponding basis 

function.  Therefore, for the combined macromodel with 

certain order, the system matrices are actually the 

summation of the matrices of the original macromodels.   

A complicated microchannel, as shown in Figure 9, can 

be easily built by the macromodels of fundamental building 

blocks.  The serpentine structure consists of 8 LSC 

structures.  Therefore, the system matrices of the 

low-order ODE for a specific order are:

LSCLLSCLLSCL NNAAMM 888 888
      (15) 

Figure 10 shows the transient local error between the 

assembled macromodel and the full-mesh calculation when 

the inlet pressure 
0P  is 250 mN .  The errors are 1.9%, 

1.7%, and 0.5% for the models with order 1, 2 and 3, 

respectively.  These results indicate that it is possible to 

efficiently build the macromodel of a complicated channel 

from the macromodels of a few simple building blocks, 

without performing expensive full-meshed computations. 

6 Conclusion

This paper presents a macromodeling technique using 

the proper orthogonal decomposition as well as the 

Galerkin method for 3-D non-linear microfluidic problems.  

The generated macromodel are a low-order ODE model 

incorporated with a few basis functions.  Using the POD, 

the basis functions were extracted from the ensembles of 

snapshots of fluidic field distributions that were calculated 

by full-meshed FEM/FVM solvers.  The low-order ODE 

model was created by the Galerkin condition. The 

simulated results not only indicated that the microfluidic 

behavior can be accurately reproduced using the 

macromodels, but also provided three-orders-of-magnitude 

speed-ups when compared with full-meshed computations. 

Also, the macromodel of a complicated channel can be built 

by assembling the low-order ODE models and the basis 

functions of various types of simple channels.  
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Figure 9: The schematic of a serpentine channel 

Figure 10: the transient error of the 8 L-shaped channel 

combination
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where m is the total number of the basis functions for macromodels. 

520 NSTI-Nanotech 2006, www.nsti.org, ISBN 0-9767985-7-3 Vol. 2, 2006



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


