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ABSTRACT

We describe a new method referred to as TR-PNP
model to study general types of nanostructure ion chan-
nels. Our method extends the common continuum meth-
ods to include particle like properties, such as ion trap-
ping and release effects. A previously known approach
to deal with those effects is the excess chemical po-
tential method. The Eyring rate theory is utilized to
connect the two methodologies. We implement a toy
channel model with single binding site in terms of both
approaches, and demonstrate their equivalence under
steady state conditions. Then we perform a time de-
pendent simulation (timescale:µs) on another toy chan-
nel with two binding sites by using the TR-PNP model.
Our results quantitatively illustrate the hopping process
of ions from one site to the other. This method is there-
fore a good candidate to be integrated into a multi-scale
simulation framework to provide a bridge between con-
tinuum and particle methods.

Keywords: ion channel, Poisson-Nernst-Planck (PNP),
excess chemical potential (ECP), ion trapping and re-
lease, TR-PNP model

1 INTRODUCTION

Biological ion channels [1] are protein pores which
regulate the flow of ions into and out of cells. The
Poisson-Nernst-Planck (PNP) method [2][3] has been
used to investigate the permeation properties of many
ion channels. One impressive advantage of this method
is its capability to simulate the fundamental mechanism
of ion transport with relatively low computational de-
mand. Its physics is equivalent to the self-consistent so-
lution of the Poisson and drift-diffusion equations. The
PNP method has achieved remarkable success by pre-
dicting some macroscopic characteristics such as current-
voltage profiles (I-V curves). Details regarding the par-
ticle nature cannot be covered by this method. For ex-
ample, ion trapping and release effects, which have been
demonstrated to be crucial for a wide variety of chan-
nels (such as the KcsA potassium channel [4]), can not
be addressed within the traditional PNP model. In this
paper, we take these effects into account in terms of
two different methodologies, the TR-PNP model that

we first proposed in [5] and the excess chemical poten-
tial (ECP) method used in [6][7]. Their relations are
also discussed and it is shown that the TR-PNP model
is superior for time-dependent simulations.

2 METHODS

2.1 TR-PNP Model

From a theoretical point of view, the equations com-
monly used in PNP simulations are not as complete as
those used for semiconductors because they neglect the
so-called generation recombination terms. This fact sug-
gests to use terms that are analogous to Shockley’s gen-
eration and recombination expressions [8][9] from semi-
conductor theory to model the trapping and release of
ions. In an anion-selective channel, the anion trapping
and release rate are given respectively as

R− = c−Cm
− (NT − Ct

−) (1)
G− = e−Ct

− (2)

where Cm
− , Ct

− denote mobile anion concentration and
trapped anion concentration respectively. Three charac-
teristic parameters are the total trap concentration NT ,
the anion trapping coefficient c− and the anion release
coefficient e−. This treatment has the advantage of cap-
turing the effects of ion trapping and release phenom-
enologically by rate equations involving three adjustable
parameters. As a result, the traditional PNP system of
equations can be extended to the following equations:

∇ • (ε∇ϕ) = q(Cfixed + C+ − Cm
− − Ct

−)(3)
∂C+

∂t
+ ∇ • �F+ = 0 (4)

∂Cm
−

∂t
+ ∇ • �F− = G− − R−

= e−Ct
− − c−Cm

− (NT − Ct
−) (5)

∂Ct
−

∂t
= R− − G−

= c−Cm
− (NT − Ct

−) − e−Ct
− (6)

�F+ = −µ+C+∇ϕ − D+∇C+ (7)
�F− = −µ−Cm

+ ∇ϕ + D−∇Cm
− (8)

where ϕ is the electrostatic potential, ε the dielectric
constant, q the elementary charge, Cfixed the concentra-
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tion of fixed (permanent) charge lining the channel pore,
µ the mobility and D the diffusivity. We refer to the
above model and system of equations by the acronym
TR-PNP where “TR” means the inclusion of ion trap-
ping and release effects. More details can be found in
[5].

2.2 The Excess Chemical Potential
Method

The ECP represents the free energy needed for an ion
to occupy the particular binding site in the restricted
environment inside the channel pore. In other words, it
can be viewed as the offset in chemical potential which
reflects the energy difference for an ion in the bulk and
channel pore. Thus local chemical interactions includ-
ing the trapping and release effects can be incorporated
phenomenologically into this term. In addition to the
concentration and electrical potential terms that are
described by the drift-diffusion equation, an ”excess”
chemical potential φ (different from the electrostatic po-
tential ϕ) is added. If attention remains focused on the
case of anions, the system of equations becomes

∇ • (ε∇ϕ) = q(Cfixed + C+ − C−) (9)
∂C+

∂t
+ ∇ • �F+ = 0 (10)

∂C−
∂t

+ ∇ • �F− = 0 (11)

�F+ = −µ+C+∇ϕ − D+∇C+ (12)
�F− = −µ−C−∇(ϕ + φ) − D−∇C−(13)

Here no effort is made to differentiate the trapped
anions from mobile anions. Instead, all the anions are
assumed to be mobile. The anion concentrations is de-
noted as C−. The other notations are the same as those
in the TR-PNP model discussed above. In our calcula-
tion, the functional form of the ECP is simply assumed
to be a step function, with constant nonzero value (ad-
justable parameter) inside the binding sites while zero
elsewhere. It is found that smoothing of the discontinu-
ity of the ECP term is not critical as the corresponding
numerical results show very little change.

2.3 Parameter Estimation and
Connections of the Two Methods

In this subsection, the methods of estimating the
characteristic parameters (the total trap concentration
NT , the anion trapping coefficient c− and the anion re-
lease coefficient e−) used in the TR-PNP model are dis-
cussed. In addition, we would like to present prelimi-
nary thoughts about the relation between the TR-PNP
model and the ECP method.

The total trap concentration NT (unit: cm−3) is the
maximum number of trapped ions that one grid point

(actually its corresponding cubic cell in the 3-D mesh
for the simulation) can accommodate. Let dion be the
diameter of one single dehydrated ion, then NT can be
estimated roughly by

NT = 1/d3
ion (14)

The anion trapping coefficient c (unit: cm3s−1) is
determined by the ion thermal velocity vth and capture
cross section σ as

c = vthσ (15)

A theoretical estimate for vth by Einstein [11] assumes
that vth in condensed matter and in gases may be de-
duced in an analogous manner. From the kinetic theory,
vth can be estimated by

mv2
th/2 = 3kBT/2 or vth =

√
3kBT/m (16)

where m is the particle mass, kB the Boltzmann con-
stant, and T the absolute temperature in Kelvin. Next,
we assume that the effective capture cross section is
equal to the area of one surface of the cubic cell in the
mesh, that is,

σ = a2 (17)

where a denotes the side length of the cubic cell. Given
Equation (15)-(17), c can be estimated.

As for the estimation of anion release coefficient e
(unit: s−1), the Eyring rate theory [1] (sometimes called
“transition state theory”) is invoked. The rate (k) of ion
crossing an energy barrier is written as

k = νexp(−Eb/kBT ) (18)
ν = kBT/h (19)

where Eb is the barrier energy (the difference between
the peak and the well of the free energy profile) and ν
a frequency prefactor 6 × 1012s−1 for T = 300K.

In our approach, we propose that the ion release
process can be characterized by Equation (18) and that
the barrier energy therein is equivalent to the energy
associated with the excess chemical potential φ. There-
fore, the ion release coefficient e can be estimated by

e = νexp(−Eb/kBT ) = νexp(−qφ/kBT ) (20)

These are the basic assumptions for relating the TR-
PNP model to the ECP method.

In fact, one can show analytically that the ECP method
represents a special case of our TR-PNP model and that
they are indeed equivalent under some certain condi-
tions. Those conditions are: first, the local chemical
interaction is not too strong and the associated ECP
value is less than 6kBT/q; second, the system is in or
close to steady state; third, we must have approximately

cNT = ν = kBT/h (21)

This equation gives, in our opinion, limitations to the
models but does not necessarily have a physical basis.

NSTI-Nanotech 2005, www.nsti.org, ISBN 0-9767985-0-6  Vol. 1, 2005 557



3 RESULTS

We use PROPHET [12] as the computational plat-
form for our simulations. The PROPHET simulator
provides a user-friendly framework to solve systems of
partial differential equations in 3-dimensional space as
well as in the time domain.

Figure (1) shows the simulation volume given by
a 96Å×96Å×96Å cubic box. A generic (toy) channel
is immersed in an aqueous bath of potassium chloride
(KCl) electrolyte solution. The channel pore connect-
ing the left and right reservoir is surrounded by protein
(the shaded area). The lipid bilayer is neglected here
for simplicity. The channel has a length of 36Å and a
square cross section of 6Å×6Å. Electrodes are immersed
in the baths as left and right boundaries where Dirichlet
boundary conditions are enforced for both the electro-
static potential and the ion concentrations. It is also
required that the ion concentrations and electrostatic
potential are continuous at the interfaces of the differ-
ent regions.

In the steady-state simulation, a single anion bind-
ing site with a length of 6Å occupies the central part of
the channel as shown in Figure (1). The fixed charge
is distributed within a small 3Å × 3Å × 3Å volume in
the middle of the protein wall. The charge density is
assumed to be 5 × 1022cm−3. This particular model of
binding site and charge distribution is to some extent
arbitrary, however, may resemble the general charac-
teristic of actual binding sites in real channels. The
simulation results for the TR-PNP model and the ECP
approach are shown in Figure (2) for comparison. The
potential distribution along the axial direction of the
channel under a bias voltage of 150 mV is plotted at the
top, and the current-voltage (I-V) characteristic curves
at the bottom of this figure. The three sets of parame-
ters used in the TR-PNP model and their corresponding
ECP values are illustrated in Table 1. To be more spe-
cific, NT is fixed at 1×1023cm−3, which is estimated by
Equation (14). en is related to φ by Equation (20). The
only free adjustable parameter used in the simulation
is cn, whose values are obtained by fitting procedures
and turn out to be of the same order of magnitude as
estimated from Equation (15). Furthermore, it is shown
that provided the conditions given at the end of the pre-
vious section (Equation (21) satisfied within a factor of
2) the two approaches are indeed equivalent by leading
to virtually identical numerical results.

The TR-PNP model can in addition deal with time
dependencies. For the implementation of transient sim-
ulations, another toy channel with similar geometry has
been investigated. It has now two binding sites located
symmetrically inside the channel pore, as shown in Fig-
ure (3). Both binding sites have modelling parameters
identical to the single binding site of the previous struc-
ture. In Figure (4), the transient simulation result for a

96 Å 

Protein 

Protein 

96 Å

Binding site

Channel

Figure 1: Schematic plot of a toy anion-selective channel
with single binding site

period of 1µs is presented by showing how the anion con-
centration distribution profile evolves with time for six
different time steps. The majority of anions move from
the left binding site to the right within about 0.5ns,
producing large currents over a short distance in this
short period of time. This simulation outcome can be
interpreted as an indicator of individual ion hopping
processes. In order to verify this, we have integrated the
numerical values of the currents at different time steps
and the result turns out to be approximately equal to
one elementary charge.

4 CONCLUSION

We have used two different methodologies, the TR-
PNP model and the ECP method to simulated some
generic ion channel structures. Their relations have
been discussed and they are equivalent under certain
conditions particularly in steady state. The TR-PNP
model is more general as it can handle transient simula-
tions over long timescales and describes to some extent
particle properties within the continuum model frame-
work. Therefore this method is a promising candidate
for a multi-scale simulation hierarchy.
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Table 1: Parameters used in the TR-PNP model and the ECP approach

Parameter Set φ=ECP (mV) e− = νexp(−qφ/kBT )(s−1) c−(cm3s−1) NT (cm−3)
1 50 9.01 × 1011 7.60 × 10−11 1 × 1023

2 100 1.30 × 1011 6.05 × 10−11 1 × 1023

3 150 1.88 × 1010 3.20 × 10−11 1 × 1023
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Figure 2: Comparison of simulation results for both the
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Figure 3: Schematic plot of another toy anion-selective
channel with two binding site
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