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ABSTRACT 

A mono-dimensional model of an over heated actuator 
is presented in this paper. The proposed distributed models 
are derived based on real physical phenomena described  
by multi-dimensional partial differential equations. The 
proposed model has been prepared taking into account real 
polycrystalline silicon parameters and their thermal 
dependencies. The considerations are based on the previous 
device analysis and FEM1 simulation for the device 
operating in real working conditions in static and quasi-
static mode. 
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1 INTRODUCTION 

The paper presents a continuation of work on accurate 
model of micro-machined over-heated actuator. The 
previous paper [20] only introduced to a distributed model 
laying special emphasis on the correct application of 
boundary conditions and the presentation of chosen 
simulation results obtained for the considered device 
performed in the ANSYS simulation environment.  

The operating principle of this mechatronic structure 
(see Figure 1) is based on the coupling between electrical, 
thermal and mechanical phenomena. The actuator consists 
of suspended polycrystalline silicon beams. Two of them 
are anchored to the substrate at the two remaining ends 

A  and B  (see cross-sections S1 and S4, Figure 2). 

Typical device dimensions: beams length: 30[µm], 
115[µm], 145[µm]; beams width 5[µm], 20[µm]; vertical 
gap 5[µm]; polycrystalline silicon thickness 1.5[µm]. When 
electrical voltage is applied to these terminals, the Joule 
heat is dissipated in the beams. Since the beam consists of 
sections having different cross-section area, each section 
expands thermally differently and as the consequence the 
actuator bends (see Figure 2,3). 

The presented device is relatively simple yet it involves 
many coupled phenomena having different nature thus it is 
an excellent example to illustrate multidomain simulation 
methodology. The mathematical description of the 

                                                          
1 FEM – Finite Elements Method 

phenomena occurring in the device and the gradual 
simplification of the description will be demonstrated in the 
following sections of the paper. 

Figure 1 An example of fabricated devices manufactured in 
the AIME Laboratory.  

Figure 2 The shape of thermal linear motor [20]. 

2 ELECTRICAL DOMAIN 

In the electrical domain, there can be distinguished two 
electrical terminals (A, B) and a polycrystalline silicon 
resistor with variable cross-section area. In this case, the 
electrical phenomena can be simplified and directly 
described mathematically using lumped network consisting 
of four resistors connected in series assuming idem 
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potential material resistivity, simplified beam join 
resistances and independence of polycrystalline silicon 
resistivity on temperature [20]: 
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where I – device current, iR  - lumped beam resistance; iS ,

kl  - cross-section area and length of the beam (for iR )

respectively; ji – the current density in iR , , BAV V - voltage 

applied to electrical terminals A and B respectively; I, k – 
the cross-section number (see iS  in Figure 2); ,th ip  -

 thermal power density of dissipated heat in iR , polySi  -

 polycrystalline silicon resistivity. 

3 THERMAL DOMAIN 
Fortunately, the coupling between electrical, thermal 

and mechanical phenomena allows the assumption of 
unidirectional power transfer from electrical to thermal 
domain and after that to mechanical one. Therefore a quasi-
static thermal model can be adopted and consequently the 
thermo-dynamic coupling of the mechanical and thermal 
domain can be neglected in the heat transfer equation. 
Additionally, assuming homogeneous distribution of 
temperature in the device cross-section, the thermal 
phenomena can be modelled using the mono-dimensional 
form [20]: 
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where ( )T  - unknown temperature along particular 

beam in Kelvin degree (!); ( )h  - heat transfer coefficient; 

 - thermal conductivity; Text  -air temperature in Kelvin 
degree;  - “the natural coordinate” from the terminal A to 

B; A  and B  - the contacts of electrical terminals (A

and B); B CA= , ( )
( ) ( ),th th i i

p p S=

etc  
Then, the nonlinearity of equation (2) can be removed from 
the deferential operator by assuming that the thermal 
conductivity can be approximated by the following 
expression (for more see section 5): 
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where ( )T̂  - transformed temperature value; 1C  - 

constant parameter, we will assume that 1 0C = .
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where 
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The detailed analysis shows that Raleigh number for the 
air flow in the air gap between two polycrystalline silicon 
walls (beams S1 - beam S3 and beam S1 - beamS4) is quite 
small ( )

[ ]5Ra 85.73l mµ=
 and consequently the heat 

transfer between walls can be approximated using the 
Fourier law2 as follows: 

airq T  (3) 

where T  - wall temperature difference, air  - air thermal 

conductivity;  - distance between walls; q  - thermal flux. 
This phenomenon can be taken into account as an 
additional heat source increasing ( )thp . In this case the 

heat transfer coefficients ( )h  have been estimated as the 

combination of Nusselt number for the whole beam [1] and 
vertical beam side (for more see [20]). 
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where  - coefficient of air kinematics viscosity, a – air 
thermal diffusivity; ( )w  - beam width; t – beam 

thickness. 
                                                          
2 It takes into consideration only static phenomena. The 
values of air and polycrystalline silicon thermal 
compensation coefficients are bound by the relation 

2 airpolysilicona a , where ( )/a c= ), hence the thermal 

response in these materials are comparable. In other words 
“temperature covers twice as much distance in 
polycrystalline silicon as in air at the same time” 
( 2air polysiliconx x ). Fortunately this effect can be neglected 

due to the difference in air and polycrystalline silicon 
thermal conductivities ( 350 airpolisilicon ).
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4 MECHANICAL DOMAIN 
The considered device consists of two non-equally 

heated beams. The device dimensions and thermal 
diffusivity allows the adoption of a non-isothermal large 
deflection model (form more see [2]-[5]) using modified 
Bernoulli-Euler equation [20]. 
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where s – natural co-ordinate 0,s L ; L – beam length; 

( ) ( )arctan xy x= =  - the bending angle of the 

beam ( ( ) 1R= ); J – beam inertial moment,  y( ) and 

M=M( ) –beam bending and mechanical moment at point s
respectively (see Figure 3); E - Young modulus;  
ν  - Poisson coefficient; β  - thermal expansion coefficient; 

N – force associated with stress generation an axial force. 

Figure 3 The schematic draft of large deflected beam 

5 MATERIAL PROPERTIES 
The most of the micro-machined elements similar to the 

presented micro-actuator are realized using polycrystalline 
silicon. Unfortunately, not all thermal and mechanical 
properties of this material have similar values to the bulk 
silicon properties. On the other hand, the thermal parameter 
dependence has to be taken into account for large 
temperature variation. Therefore, polycrystalline silicon 
parameters estimation will be presented in the next section. 

The following investigation procedure and final 
approximation of polycrystalline silicon thermal properties 
in the temperature range between 250 K and 1200 K will be 
proposed for their lack in the professional literature. 
In most cases, the silicon thermal conductivity is 
represented using only the first term of Taylor expansion. 
This approach is accurate inside a particular neighbourhood 
of an expansion point, but cannot be accurate for the large 
temperature variation range. A simple analysis of the 
experimental data [10]-[12] shows that the power 
approximation of the thermal conductance can be described 

for the temperatures between 250 K and 1200 K by the 
below expressions proposed by the authors:  
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The thermal conductivity of polycrystalline silicon is 
reduced by the phonon grain boundary scattering 
effect [14]. This phenomenon is similar to the electrical 
resistance of segmented conductor or magnetic resistance of 
segmented ferromagnetic materials in an electro-magnetic 
field and similarly depends on the grain size. Its size and 
particular grain conductivity depends on grain localization, 
poly-silicon element thickness [13], material doping [14] 
and deposition pressure and temperature [16]. In the case of 
undoped polycrystalline silicon layers the thermal 
conductivity can be effectively approximated by the 
following expression (the experimental measurements for 
temperatures between 250 K and 300 K have been taken 
from [13]): 
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The proposed approximation can be also used for the 
extrapolation of polysilicon behaviour up to critical 
temperatures of 1150 K, (see also [15]). Additionally, 
assuming the same density and specific heat, the thermal 
diffusivity can be approximated by the following form: 
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The temperature dependence of the linear expansion 
coefficient can be approximated by the following 
expression using silicon measurement data (the 
experimental measurements have been taken from [17]): 
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The approximation of electrical resistivity will be taken 
from the paper3 [15] 
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Other applied parameter values, e.g. material density, have 
been assumed to be equal to the bulk silicon ones. 

22.329 /polySi Si g cmδ δ≈ =  (8) 

                                                          
3 The electrical conductivity depends on grain size. 
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As it was written before, the polycrystalline silicon 
parameters are dependent on the grain and element size and 
the deposition process parameters. Therefore, the research 
literature reports a Young’s modulus ranging between 
140 GPa and 210 GPa [19]. The value 165 GPa will be the 
most appropriate [16]. 

6 CONCLUSIONS 
The paper presents an approach to the over heated 

actuator modelling taking into account its real behaviour. It 
requires the use of real values of polycrystalline silicon 
parameters and their thermal dependences. The modelling 
of such devices, despite their simplicity, is quite a difficult 
task because of the coupled multidomain phenomena 
occurring in the device. The proposed model can be 
implemented using the RESCUER language [6]-[8] and 
translated to the SPICE simulation environment. The final 
implementation of the complex model should additionally 
take into account both the dynamic model response and 
technological parameter distribution. 
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