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ABSTRACT

The contribution of surface roughness is included in
the flow resistance of rare gas flow channels. The sta-
tistical properties of the surface are taken into account
in the model applying an approximation for the normal
distribution function. The model assumes that the flow
channel height varies statistically. Both transverse and
longitudinal roughness in wide rectangular ducts are dis-
cussed. Simple models are given in terms of an effective
viscosity that accounts for the gas rarefaction and sur-
face roughness. They can be applied, e.g., in simulating
squeezed-film damping problems where accounting for
surface roughness is needed.
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1 INTRODUCTION

A rough flow channel surface introduces an addi-
tional resistance for the gas flow. The rough-surface
problem has been addressed in the literature of gas lu-
brication [1]-[4] and fluid flow in channels [5]. Sakai et
al. [4] extend the continuous flow roughness model of El-
rod [1] to rare gas, and present the results as a modified
Reynolds equation. However, the model does not ac-
count for the change in the Knudsen number (measure
of gas rarefaction) caused by channel height changes.
Makino et al. [3] include the effect of the Knudsen num-
ber in the channel height changes.

Especially in micromechanical devices, gas rarefac-
tion has an important contribution to the flow resis-
tances of the channels. To predict the damping in mov-
ing micromechanical structures, an accurate gas flow
model including the rarefaction effects is needed [6].

In this paper, a more compact model than that pre-
sented in [3] is sought. Also, large channel height varia-
tions for rough surfaces are of studied. The gas rarefac-
tion of the flow channel can be included in the effective
viscosity coefficient [7]. In this paper, the contribution
of the roughness is also included in this effective viscos-

1ty.

2 STATISTICALLY DISTRIBUTED
CHANNEL HEIGHT

Two types of roughness orientations can be distin-
guished: transverse roughness, where the channel height
varies statistically in the direction of the flow, and longi-
tudinal roughness, where the channel height varies per-
pendicularly to the flow direction. Figure 1 illustrates
rectangular flow channels with transverse and longitu-
dinal surface roughness.
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Figure 1: Dimensions and topology of rectangular flow
channels with a) transverse roughness and b) longitudi-
nal roughness. Gas flows in the direction of the z-axis.

Let us first study a flow channel having a trans-
verse distribution in the channel height. To simplify the
flow problem, we assume that the channel consists of
short commensurate flow channels with a variable chan-
nel height. Each section is modelled with an acoustic re-
sistance s . The advantage in modelling the channel
with its acoustic resistance is evident here: the combined
acoustic resistance of commensurate flow channels is a
sum of acoustic resistances of these channels. Acoustic
resistance is specified as Ry 7 = (p2 — p1)/U, where p;
and p, are the pressures at the channel input and out-
put, respectively, and U is the volume velocity. Thus
the total acoustic resistance of the channel of variable
height is formulated as

Ryt =) Ran.

Instead of a discrete sum, we may also assume infinitely
short sections and a continuous channel height profile
function. The statistical distribution ¢(z) of the chan-
nel height around its nominal value d is assumed to be
known. The resulting acoustic resistance of the whole
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channel Rp is the sum of the acoustic resistances of the
sections, weighted with the distribution function ¢(z):

RaT = / P(2)Ra(d + z) dz. (1)

— 00

In the case of longitudinal roughness, parallel flow
channels with different heights can be assumed. In this
case, the acoustic resistance is calculated from the sum
of the flow admittances:

1
1
RA,n

RaL =

The continuous integral becomes then

RaL (2)
/ RA d + Z)

2.1 Distribution of Channel Height

The surface height variation in materials generally
obeys the Gaussian distribution function (normal dis-
tribution function):

1 22 /(202
#(2) = S /7). 3)

Unfortunately, the mathematical treatment of the distri-
bution function rarely results in closed-form equations.
Although the Gaussian distribution is desirable, it has
a disadvantage in this application: the infinite values
that are included in the distribution will produce height
variations that exceed the gap height. Since the em-
phasis in this paper is on simple analytical models and
limited distribution functions are desired, approximate
functions are used here instead.

An important characterization of a rough surface is
the r.m.s. surface roughness o, and the variance of the
channel height o2, specified in [2]

o

o’ = /z2¢(z)dz

— o0

Here, transverse and longitudinal variances, or? and
o1, respectively, are distinguished.

A novel general approximate function for ¢g in Eq. (3)
is specified as:

0, z< —=b
(p(z) = (I)(Z) -b<z< b) ) (4)
0, z>b

where

_ (W HEeN)! (1 z2>N’ )

4N(N1)2p o

where b* = (2N + 3)0?, and N is the degree of the ap-
proximation. When N approa.ches infinity, Eq. (4) ap-
proaches the exact Gaussian distribution function ¢¢ in
Eq. (3). Function ¢(z) satisfies the fundamental prop-
erty of the propability function

/ o(z)dz = 1.

— 00

Table 1 shows a few low order polynomial distribu-
tion function approximations. When N = 0, a uniform
distribution results. The second and third order ap-
proximations are used in [1],[2] in modelling the surface
roughness of lubricating surfaces.

Table 1: Low-order polynomial approximations for the
Gaussian distribution function and the relation between
b% and o2.
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Figure 2: Gaussian distribution function (— — —)

and four lowest order approximations ( ), N =
0,1,2,3. When N approaches infinity, the approxima-
tion approaches the exact Gaussian distribution func-
tion.
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3 FLOW RESISTANCE OF A
RECTANGULAR CHANNEL

The dimensions of a rectangular slot of length a,
width w and height h are shown in Fig. 1. The width
w of the channel is assumed large compared with the
channel height h. In the following, acoustic resistances
for wide rectangular channels with rough surfaces are de-
rived. The flow regimes depend on the mean free path A
of the gas and it is characterized with the Knudsen num-
ber K, = A/h. The continuous-flow regime (K, = 0),
the slip flow-regime (K, < 0.1) and the transitional
flow-regime (K, < 3) are discussed.

3.1 Continuous-Flow Regime

The roughness effect in flow channels is first analyzed
in the continuous-flow regime. The acoustic resistance
for a long rectangular slot of length a, width w and
height A is [§]
12na
—_—. 6

Inserting the flow resistance in Eq. (6) with h = d +
z into Eq. (1) results in the acoustic impedance for a
channel with transverse roughness Rs . Unfortunately,
the flow resistance cannot be expressed in a closed form
for arbitrary IV in Eq. (4). Here its Taylor series is used
instead:

Rao(h) =

3A? 45A4

12na n
N+2 4N+H(N+2)

wd3

RA,T = {1 +

105A8 ]
2(N+ YN + 5N + 7)

After substituting A% = (2N + 3)or?/d?, we have

12na or?  45(N + 2)or?
R — 1 6 - =
AT [ M (N + 2)d

420(N + 2)%01® ]

(N + 2)(N + L)d® 0

Eq. (7) contains an important fact: for relatively small
surface roughness the flow resistance is independent on
the distribution function when the roughness is charac-
terized with the variance.

For a flow channel with longitudinal roughness, Eq. (6)
with (h = d+2z), is inserted in Eq. (2), resulting in Ra ..
In this case it turns out that the integral results in a
closed-form solution for arbitrary N. The result is

12na 12na

Rap = N s 2 (8

d(l""21v+3A ) wd?(1+ 3%%)

The flow resistance does not depend on the distribution
function shape, only on its variance.

Table 2 contains acoustic resistances as a function of
the relative roughness coefficient A = b/d for transverse
and longitudinal roughness for the low order approxima-
tions. A small A is not assumed here, but it is evident
that b < d is required for finite flow resistance.

Table 2: Acoustic resistance functions for rectangular
channel in the continuous flow regime (K, = 0) having
transverse and longitudinal roughness. N is the degree
of the normal-distribution approximation.

LN [ Bax | RaL ]
0 12na 12na
wd3(1—-A2)2 wd3(1+3A2)
1 _Qﬂg§ In L%A 2A ] 12na
wA3d 1-A ~ 1-AZ wd3(1+ 2 A2)
12na
2 N.A~ m—i

3.2 Effective Viscosity

When combining the results in Eq. (7) and in Eq. (8),
and assuming a relatively small surface roughness, the
acoustic resistance can be expressed as

R = ©)

where 7 is the effective viscosity:

2 2 2
oT oL 3o
Neff = (1 + 6——612 -3 P ) <1 + '2"'—d2>

where 02 = 0.5012 = 0.501.2, when op = oy,.
3.3 Rarefied Gas, Slip-Flow Regime

Due to the gas rarefaction at low pressures or at very
small channel heights, the flow profile in the channel
changes due to the velocity slip at the channel interfaces.
Using simple slip boundary conditions, the acoustic re-
sistance of a long channel with smooth surfaces can be
written as [7]:

12na

Bar(h) = wh3(1+ 62)°

(10)
This approximation is reasonably accurate if A/h < 0.1.
The integral in Eq. (1) cannot be expressed in a closed
form for arbitrary N, and it does not have a Taylor se-
ries. However, integration with the uniform distribution
function (IV = 0) and transverse roughness gives

Rene 70 n (1+A+6K,)(1-A)  12AK,
AT 6AKZwd | (1= A+6K,)(1+4)  (1-A2)]”
where K,, = A/d is the Knudsen number. The first

terms in the Taylor series give

12na 514+ 8K, + 18K}
Rapm ——10 |y op2 L H 80 £ 185,
AT wd3(1+6Kn){ * 1+ 6Kn)?

(11)
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For longitudinal roughness, the integral (2) with Eq. (10)

has a closed-form solution for arbitrary NV
12na

" _3(42Ka) a9l (12)
wd3 (1 + 6K,) [1 + TR eNT A }

RayL =

For relatively small surface roughness, we can apply
both Egs. (11) and (12) and write after ignoring higher-
order terms of K,;:

14+3(1-4K,) (2% - %) 1+3(1-4K,)%
1+ 6K, ~ 1+6K,
This effective viscosity can be utilized in the simple

equation Eq. (9), and it accounts for the surface rough-
ness and rarefaction effects in the slip-flow regime.

Tleff =

3.4 Rarefied Gas, Transitional-Flow
Regime

If K, is larger than 0.1, the error of the slip approx-
imation grows appreciably. To include the transitional
regime in the equation, the Boltzmann equation must
be solved [9]. A simple approximation to model the
transitional-flow regime has been presented in [10]. The
acoustic resistance of a long flow channel with smooth
surfaces can then be written as

12na
Bl = v agm W
where ¢; = 9.638 and ¢2 = 1.159 give the best fit in the
regime 0 < K, < 880 with a relative maximum error of
+5%.

Unfortunately, integrals (6) and (2) with Eq. (13)
cannot be solved in a closed form. The first terms in the
Taylor series approximation for small A and transverse
roughness are (N = 0):

12na

N1 4 2aA2
Far ™ ST ey L 28]
where
crea KE2 1—-c K¢
—1-——""2"n (7 " n )
@ 12(1+01K§2) ( +021+01Kr€2

For longitudinal surface roughness we have
12na 9
= 11— A
Bar= 000+ ake) (1= 527,

where
,8 -1 clchﬁz(S - 02)
N 6(1+c K2)

The effective viscosity is

14+6a% —30%
e T G K

B 1+%(2a—ﬁ)%§
- 1+CIKDC2

This equation is valid for relatively small surface rough-
ness and for 0 < K, < 880.

4 CONCLUSIONS

Statistical surface roughness in flow channels of rar-
efled gas was modelled with an effective viscosity. A
novel general polynomial expression to approximate the
normal distribution function was derived, and this dis-
tribution was applied in calculating flow resistances for
wide rectangular channels having both transverse and
longitudinal roughness. Circular channels can be treated
with the same procedure.

The models can be applied in modelling the effect
of surface roughness in narrow flow channels, existing in
several MEMS devices. The applications include squeezed-
film dampers and various kind of resonator structures.
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