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ABSTRACT

The manufacture of miniagure Stirling cycle cryocoolers, using
dandard micro-machining techniques and meaterids has been
pursued by the authors [1]. A MEMS based cryocooler would
alow integration of a cryogenic cooling system directly into a cryo-
eectronic device. Resonant bossed digphragms were proposed as
the means to sweep the working gas in the Stirling cooler, replacing
the pisons and displacers found in macro scde free-piston
machines. Andyss of round, bossed digphragms led to the
redlization that there exists shape factors by which the swept
volume and kinetic energy of any digphragm can be characterized.
Knowledge of the volume swept by a digphragm dlows for the
caculdion of a potentid energy associated with digphragm
deflection. Knowledge of the potentid and kinetic energies dlows
for the design of a digphragm of known dynamic characterigtics
operéting in a closad gas pace with large gas pressure spring and
damping effects.
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INTRODUCTION

MEMS basad Stirling cryocoolers would alow integration of a
cryogenic cooling insde a microdectronics package, offering
performance and cost benefits. Thermodynamic and fluid dynamic
behavior of high frequency Stirling cycle machines have been
examined anayticaly [2] and experimentaly [3] and no barrier to
the practica implementation of such machines has been found.

Resonant bossed digphragms are proposed as the means to sweep
the working gas in the Stirling cooler, replacing the pistons and
displacers found in macro scde free-pison machines. In these
machines mations are uncongrained by linkages amplitudes of
motion and phase angles are determined by thermodynamic cycle
properties and dynamic properties of components. Diaphragm
design is condrained by system leved parameters, including the
requirements for a certain swept volume of working gas, a specific
resonant frequency, and a characteristic Q factor [4].

Anayss of round, bossed digphragms led to the redization that
there exists a Volume Shape factor by which the swept volume of
any digphragm can be characterized. This factor is determined by
edge conditions and the solidity ratio: the ratio of boss diameter to

digohragm diameter. An andogue of the Volume Shape factor wes
found in the Energy Shape factor, which characterizes the kinetic
energy of a moving digphragm for given digphragm dimensions.
Comparison  with finite element models of square bossed
digphragms show that the same factors can be used in the design of
square digphragms.  Using shape factors gppropriate dimensions
for a digphragm can be chosen, and the resonant frequency in the
presence of significant gas pressure can be predicted. Shape factors
gretly smplify the desgn process for resonant digphragms
oscillating in ahigh pressure gas, and contribute to an understanding
of the fundamental behavior of oscillating digphragms.

Circular and sguare digphragms were etched, and test results
indicated that the theoreticaly derived shape factors are correct,
dthough difficulties in maintaining uniform digphragm thickness, as
well difficulties in achieving fully fixed edge conditions, weeken the
correlation between experimenta dataand theory.

ANALYS SOF FLAT DIAPHRAGMS

Anayds of the getic deflection of digphragms is well documented
in the clessicd plate bending litersture. Many researchers have
developed smd| and large deflection analysis for congtant thickness

plates[5].

Volume Displaced by Diaphragms

Using standard assumptions of linear behavior the deflection of a
fixed edge, congant thickness digphragm loaded by transverse
pressureisgiven by
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wherey isthe deflection at radius r, under gpplied pressure P, for a
digphragm of radius a, thickness h, Young's Modulus E, and
n. The maximum deflection of the digphragm which
occurs a the center (r=0) is
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By integration of Equation 1 the volume swept by a moving
digphragm isfound
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Subgtituting Equation 2 into 3 we find that the swept volume of the
digphragm is related to the maximum deflection and the digphragm
aea
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A congtant of proportiondity K, the Volume Shape Factor, relates
the volume swept by a moving digohragm to area and maximum
deflection, and is a geometric property of the deflected digphragm
shape. For the case above, a congant thickness fixed edge
digphragm with smal deflections, the K factor equas 1/3. For
other digphragm shapes, the volume shape factor is different,
reflecting the differences in the deflection profile.  This volume
shape factor dlows the volume diplacing behavior of a digphragm
to be characterized in agtraightforward manner.

Kinetic Energy of Diaphragms

To understand the dynamic response of a digphragm it is critica
that the kinetic and potentid energy characterisics of the
digphragm be recognized. Kinetic energy of the digphragm can be
determined in much the same manner as swept volume. For a
digphragm oscillating at fixed radid frequency w, with a deflection
profile equd to the atic deflection profile, integration will leed to a
kinetic energy T, for the digphragm.
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where wy is the speed of mass increment dm. For a circular
digphragm of constant thicknessthe kinetic energy is

N
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which on integration gives
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Rearranging Equation 6 in terms of maximum deflection y, leads to

asmplified form for kinetic energy
2
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which can be further rearranged to give agenerd form
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where F is the Energy Shape Factor for the diaphragm. The factor
F relates the kinetic energy of the digphragm to total digphragm
mass and to maximum deflection. There exigts an energy shape
factor F for every configuration of digphragm, and the value of F
depends on the deflected profile of the digphragm. For a circular,
congant thickness digphragm with smal deflections the energy
shape factor Fis 1/5.

Potential Energy of an Oscillating Diaphragm

For a digphragm oscillating in a ges space with sgnificant gas
pressure variations the potentid energy comprises two
components. The firdt is the potentia energy associated with the
mechanica energy stored in the deflected digphragm. Second isthe
potentid energy stored in the compressed gas in the working
chamber. The potentiad energy of a spring is the product of force
and the distance through which the force acts. Thework done by a
digphragm as the digphragm moves through a quater cycle
compressing the working gas is dso given by the product of force
and the distance through which the force acts. However this work
contains both the potentia energy of the digphragm and one quarter
of the power disspated (D/4) in the thermodynamic cycle being
implemented. Knowing the system cycle requirements we can
determine the pressures which a digphragm must generate, and the
work required per cycle (D).
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where Uy, is the potential energy of the compressed gas, D isthe
work per cycle done on the gas by the digphragm, P is the pressure
againg which the digphragm acts, and y is the deflection of the
digohragm.  Knowing the deflection profile of the digphragm
(Equation 1) and knowing that the pressure, P, in the work space
takestheform

P:=Psn(wt+f)



where P, is the amplitude of the pressure swing and f is the phase
angle of P relative to deflection y, the sum of gas space potentid
energy and one quarter of the cydic work is

U D :_2-p 'Pc'ael[?r(l— nZJ-P]_(COS(f )1_ p-sin(f ))
16Eh’ 2 4
{9@}

Subgtituting for the swept volume (Equation 4(a)) consderably
smplifies Equation 9(a), giving

Ut 2=V (P cos(f )+ 2P sin(f )
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Now it is clear that the work done per cycleis
D:=p-PV:sin(f) (10}
So the gas space potentia energy issmply
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where V is the volume swept by the digphragm, P, is the pressure
amplitude in the working space and f is the phase angle between
pressure swing and digphragm amplitude.

To caculate the potential energy due to the spring effect of the
digphragm itsdf we smply must redlize that a pressure P required
to deflect a digphragm is a direct measure of the oring tiffness of
the digphragm. Thus the potentid energy contribution from the

digohragm is
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and the total potentia energy, U, is
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where P, is the working space gas pressure amplitude and P is the
pressure required to deflect the digphragm through swept volume
V.

ANALY SIS OF BOSSED DIAPHRAGMS

In the initid design of a micro-refrigerator digphragm it was clear
that flat digphragms did not have a sufficiently high kinetic energy

to resonate the digphragm a the machine operating condition.
Adding a centrd boss to the digphragms was found to be an
effective way to increase kinetic energy of the moving diaphragm.
The preceding andysis which shows the existence of energy and
volume shape factors was adapted for bossed digphragms.
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Figure 1: Geometry of circular bossed digphragms.

To andyze a circular digphragm with a thick centra section it is
necessary to separate the diaphragm into two separate plates of
differing thickness  Bending moments and shear forces are
tranamitted between plates and latera and angular deflections are
equal at thejunction. The use of these compatibility conditions and
of plate bending equetions [6] dlows for the solution of the
deflection profile for a bossed digphragm, and volume and energy
shape factors can be determined as before.
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Figure 22 Energy shape factor/ volume shape factor for boss
diameter to diaphragm diameter (b/a) ratios and boss thickness to
digphragm thickness (h2/h1) ratios

To generate the greatest kinetic energy contribution from a
digphragm for a given swept volume the largest ratio of energy
shape factor to volume shape factor isdesired. Figure 2 showsthis
ratio as a function of solidity ratio and of boss to digphragm
thicknessratio. Asthe boss becomes thicker and tiffer the volume
shape factor tends towards a limit for a given solidity ratio (b/a).
The energy shape factor continues to increase reflecting the larger
mass asociated with a thicker boss. From Figure 2 it is clear that
for increasing boss thickness the maximum energy to volume shape
factor ratio occurs at decreasing values of b/a. Thus an optimum
digphragm for our conditions has asmdl but thick boss.



Finite dement modes of round bossed digphragm have confirmed
the results presented in Figure 2. Finite dement models of square
bossed digphragms and bossed digphragms of rhomboidd aspect
show that their volume and energy shape factors closdly follow
those of the circular digphragm that could be inscribed in each
respective shape.  Volume shape factors for square digphragms are
within +/- 4% of those for circular digphragms, while those for
rhomboida digphragms are within +/- 7%. Energy shape factorsfor
square digphragms are under-predicted by between 3% to 12%,
while those for rhomboida digphragms are over-predicted by no
more than 10%.

Diaphragm Design Procedure

Functiona requirements of a micro-refrigerator digphragm dictate
the desgn. A given volume of gas must be moved againg a
specified gas pressure a a preset oscillation frequency. Assuming a
given solidity ratio a s&t of three simultaneous equations with four
unknowns can be congructed from previous arguments. A given
amplitude of vibration is determined from Equetion 2, a given
swept volume of gas is specified by Equation 4(b); setting kinetic
energy equa to potentiad energy by setting Equation 7 equa to
Equetion 13 defines a resonance condition. A find eguetion is
required for closure. We rdate digphragm thickness to maximum
deflection in order to control the degree of non-linear deflection
experienced by the digphragm.

where z is a factor less than 0.3 for linear behavior. Solving these
equationsresultsin afunctiond digphragm design.

EXPERIMENTAL VERIFICATION

Slicon circular bossed digphragms were isotropically etched giving
twelve independent digphragm designs with differing b/a and h2/h1
ratios. Static deflection and dynamic resonance tests were carried
out. Stetic testing indicated that digphragms were less siff than
theory would suggest. This is explained by consdering the edge
conditions imposed on the digphragm. The theory assumes a fully
restrained edge but it is difficult to replicate such a boundary
condition under experimenta conditions due to the thinness of the
slicon wafer which provides the edge support for the digphragm.
In addition there were significant thickness variations across the
digphragm due to processing difficulties. These factors combined
to cause deviation of the experimental results from theory. A
smple, digphragm specific, empirica factor was used to correct the
theory to match the experimentally measured static behavior.

Digphragm resonant frequencies were measured.  After modifying
the gtiffness of the digphragm using the empirica factor found by

datic testing the predicted resonance frequency metched the
experimentd vaueswell.

Eighteen square and rectangular bossed digohragms  were
manufactured by anisotropic etching. These were tested to evauate
datic and dynamic behavior. Again the edge conditions contributed
to a reduction in digphragm giffness, but again the discrepancy
between theory and experiment could be corrected by an empirical
factor. Resonant frequencies were accurately predicted by theory
after edge compliance was accounted for.

Attempts were made to andyticaly predict the degree of edge
compliance, but variaions in digphragm mounting mede it difficult
to correlate empirical stiffnessfactorswith theory.

CONCLUSIONS

A method of predicting the dynamic peformance of bossed
digphragms has been developed which provides indghts on the
fundamentd parameters that determine such performance. The use
of energy and shape volume factors expedited the design process,
generating acceptable piston digphragm designs with a minima of
time consuming numerica anadysis. Experimenta measurements on
creular and square bossed digphragms verified the fundamenta
theory for static and dynamic behavior, but exposed the need to
properly account for the actud edge conditions applied by the

digphragm mounting.
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