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ABSTRACT

A fully automaticmacromodelingmethodologyto gener-
atescalablereduced-ordermodelsfor microelectromechani-
calsystemsis presentedin thispaper. Krylov subspacemeth-
odsareusedto generatereduced-ordermodelsfrom detailed
higher-ordermodelsof thedevice underconsideration.The
entiremethodologyis implementedin a symboliccomputa-
tion environmentto preserve dependencieson physicalde-
viceparameters.Themacromodelingmethodologyisdemon-
stratedusingthecombdrive microresonatorasa representa-
tiveexample.Theresultsarecomparedwith analyticalmod-
els,NODAS andfinite elementsimulations.

: reduced-ordermodel,MEMS, macromodels,
Krylov subspaces.

1 INTRODUCTION

With the rapid advancesin MEMS technology, thereis
anincreasingneedfor ElectronicDesignAutomation(EDA)
tools in the MEMS community. Most of the present-day
MEMS CAD is doneon a case-by-casebasisusingdetailed
numericalsolvers[1]. Suchaccuratenumericalsolversare
both time and resourceintensive, and are not suitablefor
system-level CAD wherelargedesignspacestypically need
to be explored. Macromodelingtechniquesare desiredin
suchcasesin orderto reducethedesigncycle time andpro-
totypingcosts.

A good macromodelshouldcapturethe essentialstatic
anddynamicbehavior of the device usinga minimal setof
equations(small), which are in terms of the physicalde-
sign parametersand materialproperties(scalable). Previ-
ous efforts in automaticmacromodelgenerationwere pri-
marily basedon model extraction from explicit numerical
simulations.Gabbayin his Ph.D.dissertation[2] presented
a methodfor automaticgenerationof macromodelsfor non-
linear, electrostaticallyactuatedmicrostructuresfrommeshed
quasistaticsimulationsbasedon modalanalysisandenergy
methods.Commercialtoolslike MEMCAD (MicrocosmTe-
chnologies)[3] andMEMS Modeler(MEMSCAP)usepara-
metriccurve-fitting of simulationdatato obtainmacromod-
els. Theprimarydrawbackof thesemethodsis that they do
not generatescalablemacromodels.

2 MACROMODELING METHODOLOGY

A novel schemefor generatingscalablemacromodelsof
linear MEMS devices, basedon Krylov subspacesis pro-
posedin this paper. The macromodelingmethodologyin-
volvesthefollowinggeneralsteps,

1. Generationof higher-ordermodel

2. Orderreductionof modelobtainedin thepreviousstep
to obtainmacromodel

2.1 Higher-order modeling

Any lineardynamicsystemcanbedescribedby the fol-
lowing setof coupleddifferentialalgebraicequations,

(1)

where is thevectorof internalstatesof thesystem, is
thevectorof inputsand is thevectorof outputs.

The matrices , , and aretypically generatedby
discretizingtheconstitutivepartialdifferentialequationsde-
scribingthesystem.Themostcommonlyuseddiscretization
techniquesarethefinite differencemethod,thefinite element
method,theboundaryelementmethodandthefinite volume
method.

2.2 Model order reduction

The reduced-ordermodel is obtainedby projectingthe
higher-ordermodelontoa smallerKrylov subspace.Krylov
subspacemethods[4] are amongthe most powerful tech-
niquesto computeeigenvaluesandeigenvectorsfor sparse
systems.Therehasbeena lot of interestrecentlyin Krylov
subspacesfor obtainingreduced-ordermodelsof largelinear
circuits and their usein circuit simulation[5] [6]. Krylov
subspacemethodshave also beenappliedto structuraldy-
namicproblemsfor modelreductionandcontrol [7]. More
recentlythesetechniqueshavebeenappliedfor reduced-order
modelingandsimulationof MEMS devices[8]. In the fol-
lowingsectiontheapplicationof theKrylov subspacemethod
for model-orderreductionof lineardynamicsystemsis dis-
cussed.



3 KRYLOV SUBSPACES

A Krylov subspaceis mathematicallydefinedas

(2)

In linear algebraterms,Krylov subspacemethodsapproxi-
matethesolutionof by , where is apoly-
nomial in . The two mostpopularmethodsfor generating
Krylov subspacesaretheArnoldi [9] [5] andtheLanczos[5]
techniques.TheLanczosmethodis in generalmoreaccurate
andusesa shorterrecurrenceformula,which implies faster
computation,ascomparedto theArnoldi method.Hencethe
Lanczosmethodis usedto generatethe basisvectorsof the
Krylov subspacesin thispaper.

3.1 LanczosBiorthogonalization Algorithm

TheLanczosprocess(asappliedto matrix , with right
startingvector andleft startingvector ) producesthe fol-
lowing sequencesof vectors,

(3)

The Lanczosvectors and spanthe Krylov subspaces
and andareconstructedto bebiorthogo-

nal.

(4)

TheLanczosalgorithmto generate and from , and
is givenin [5].

3.2 Application to Linear Dynamic Systems

Thelineardynamicsystemrepresentedby Equation1 can
berewritten for single-inputsingle-output(SISO)as

(5)

where and arecolumnvectors.

3.2.1 Reduced-ordermodelsbasedon projection

A reduced-ordermodelof order for the systemdescribed
by theEquation5 is thenobtainedby thefollowing steps,

1. Define

(6)

2. Compute and usingtheLanczosmethodsuch
that

and (7)

(8)
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Figure1: Comb-driveresonator

3. Computethereducedmatrices , , and by

Double-sidedprojection

(9)

(10)

Single-sidedprojection

(11)

(12)

Thedouble-sidedprojection[6] formuladoesnot always
guaranteea stablereduced-ordermodel, except for certain
trivial caseslike RC networks.On theotherhandthesingle-
sidedprojectiononto guaranteesanunconditionallysta-
blereduced-ordermodel[10]. Thereduced-ordermodelhow-
ever is generallylessaccuratethanthe oneobtainedby the
double-sidedprojection.For thespecialcaseof LC circuits
(undampedsystems)thesingle-sidedprojectionhasthesame
accuracy asthedouble-sidedprojection.

4 MICR ORESONATOR MACROMODEL

The comb-drive resonator, shown in Figure1, is a very
populardevice in theMEMS communityandhasbeenwell
characterized,makingit an idealtest-benchfor thereduced-
ordermodelingmethodology. The designspecificationsof
theresonatorandthesimulationresultsfor comparisonwere
obtainedfromtheHigh QResonatorCanonicalDesignProb-
lem webpage[11]. Thedesignparametersfor themicrores-
onatorarelistedin Table1.

4.1 Higher-order model

Thefinite elementmethod(FEM) is themostwidely used
discretizationtechniqueto solve structuralmechanicsprob-



Table1: Designparametersfor Microresonator

nom.[kHz] 3 10 30 100 300

[ ] 2 2 2 2 2
[ ] 300 300 153.7 67.87 30.79
[ ] 17.8 17.8 17.8 17.8 17.8
[ ] 4 4 4 4.587 10.5
[ ] 11 11 11 11 11
[ ] 11 11 11 11 11
[ ] 49 49 49 49 49
[ ] 650.5 340.4 296.9 328.3 413
[ ] 69.23 11 11 11 11

[ ] 11.3 11.3 11.3 11.3 11.3
[ ] 2 2 2 2 2

82 43 37 41 52

lems. Sincethe primary componentof the combdrive mi-
croresonatoris a mechanicalmicrostructure,finite element
techniquesarethemostappropriatediscretizationtechnique
to createa higher-ordermodelfor thedevice. Thefinite ele-
mentroutinesareimplementedin MATLAB usingtheSym-
bolic Toolbox [12] to preserve physicalparameterinforma-
tion. TheFEM routinegeneratesthe massmatrix, stiffness
matrix andloadingvectorfor themicrostructurefor various
loadingandboundaryconditions.Thefinite elementmodel
of the folded-flexure springstructureis shown in Figure1.
The boundaryconditionat endA is a rolling-pin condition
( ) andat endB theboundaryconditionis aguided-end
condition( ).

4.2 Reduced-ordermodel

Thefiniteelementroutinegeneratesthemassmatrix,stiff-
nessmatrix andthe loadingvectorfor themicrostructureof
interest.Theequationsof motioncanthenbewrittenas,

and (13)

(14)

where is the massmatrix, is the dampingmatrix,
is thestiffnessmatrix, is theloadingvector, is theinput
vector, is theoutputvectorand is thestatevector. and

arechosendependingon theoutputvariableof interest.
Equations13and14canberewrittenin theformof Equa-

tion 5 by defining

and

Thereducedmassandstiffnessmatricesof themicrores-
onatorcannow beobtainedby projectingthe and matri-
cesontoa smallerKrylov subspace,generatedby theLanc-
zosmethod.TheLanczosalgorithmis alsoimplementedin
MATLAB using the Symbolic Toolbox. The order of the
subspaceis chosenaccordingto the frequency rangewhere
matchingis required. For matchingof resonantpeaks
hasto beat least . Thereforeto obtaintheeffective mass
andstiffnessof the resonator(for matchingthe fundamen-
tal resonantfrequency) alongthe X-axis, a valueof
must be used. The expressionof the effective stiffnessin
theX-direction is shown in Table2. Theexpressionfor the
effective massis very longandis notshown.

4.3 Comparisonwith FEM, Analytical
solution and NODAS

The effective stiffnessobtainedusing the Krylov based
reduced-ordermodel was comparedwith the resultsfrom
FEM, analyticalexpressionsand NODAS. The resultsare
shown in Table 2. The analyticalexpressionsin this case
werederivedusingtheCastigliano’stheorem.[13]

FromTable2 weseethattheKrylov subspacebasedredu-
ced-ordermodelmatchesreasonablywell with theFEM re-
sults,andvery well with theanalyticalandNODAS [14] re-
sults.This is becausethesimplifying assumptionsin thean-
alytical method,NODAS andthe Krylov subspacemethod
are the same. The NODAS modelactuallycorrespondsto
theoriginalfinite elementmodelusedin theKrylov subspace
method.

5 CONCLUSIONS

An fully automaticmethodto generatescalablemacro-
modelsfor microelectromechanicalsystemswas demonst-
ratedin thispaper. Themethodalsodoesnot requireany nu-
mericalsimulationsto obtainthereduced-ordermodel.Most
of theexistingmacromodelgenerationtechniquesdonotgen-
eratescalablemacromodels,andrequirerepeatedsimulations
of the finite elementmodel. Very goodfrequency response
matchingis alsoexhibited in the frequency rangeof inter-
est.Scalable/parameterizablemodelsarebeobtainedby im-
plementingthe reduced-ordermodelingalgorithmin MAT-
LAB’ s SymbolicToolbox. Thedrawbackof usingsymbolic
computationis thatthecomputationtimeincreasesveryrapi-
dly with increasingcomplexity of thehigher-ordermodel.

The reduced-ordermodelingtechniquepresentedin this
thesiscanbeeasilyextendedto makeit moreusefulandmore
applicableto compositemicrosystems.Someof theseexten-
sionsarefairly straightforwardandthetheoryalreadyexists.
Thetechniqueis currentlylimited to linearSISOsystemscan
beextendedto linearMIMO systemsquiteeasily. Non-linear



Table2: Comparisonof Krylov reduced-ordermodelwith FEM, analyticalsolutionsandNODAS

nom. Stiffnessin X direction= [N/m] Resonantfrequency = [kHz]
[kHz] FEM Anal. NODAS Krylov FEM Anal. NODAS Krylov

3 0.193 0.194 0.194 0.1956 3.288 3.27 3.28 3.31
10 0.193 0.194 0.194 0.1956 9.063 8.56 9.05 9.18
30 1.4108 1.44 1.43 1.4540 26.75 25.99 27.8 27.34
100 15.82 16.6 16.5 16.8762 87.77 88.45 89.5 91.35
300 162.4 180 180 180.7653 245.3 267.1 271.8 271.72

macromodelingpresentsyet anotherlevel of complexity and
is anactive researchtopic. Techniquesto speedupsymbolic
computationalsoneedto beinvestigatedandimplemented.
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