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ABSTRACT

A fully automatianacromodelingnethodologyto gener
atescalablereduced-ordemodelsfor microelectromechani-
calsystemss presenteth this paper Krylov subspaceneth-
odsareusedto generateeduced-ordemodelsfrom detailed
higherordermodelsof the device underconsideration.The
entiremethodologyis implementedn a symboliccomputa-
tion ervironmentto presere dependenciesn physicalde-
vice parametersThemacromodelingnethodologys demon-
stratedusingthe combdrive microresonatoasa representa-
tive example.Theresultsarecomparedvith analyticalmod-
els,NODAS andfinite elemenisimulations.

Keywords: reduced-ordemodel, MEMS, macromodels,
Krylov subspaces.

1 INTRODUCTION

With the rapid advancesin MEMS technology thereis
anincreasingneedfor ElectronicDesignAutomation(EDA)
tools in the MEMS community Most of the present-day
MEMS CAD is doneon a case-by-casbasisusingdetailed
numericalsolvers[1]. Suchaccuratenumericalsolversare
both time and resourceintensive, and are not suitablefor
system-lgel CAD wherelarge designspacegypically need
to be explored. Macromodelingtechniquesare desiredin
suchcasesn orderto reducethe designcycle time andpro-
totypingcosts.

A good macromodekhould capturethe essentiaktatic
anddynamicbehaior of the device usinga minimal setof
equations(small), which arein terms of the physical de-
sign parametersand material properties(scalablg§. Previ-
ous efforts in automaticmacromodelgenerationwere pri-
marily basedon model extraction from explicit numerical
simulations. Gabbayin his Ph.D.dissertatior]2] presented
a methodfor automaticgeneratiorof macromodel$or non-
linear, electrostaticallactuatednicrostructurefrom meshed
guasistaticsimulationsbasedon modalanalysisandenegy
methods Commerciatoolslike MEMCAD (MicrocosmTe-
chnologies]3] andMEMS Modeler(MEMSCAP)usepara-
metric curve-fitting of simulationdatato obtainmacromod-
els. The primary dravbackof thesemethodss thatthey do
not generatescalablenacromodels.

2 MACROMODELING METHODOLOGY

A novel scheméor generatingscalablemacromodel®f
linear MEMS devices, basedon Krylov subspacess pro-
posedin this paper The macromodelingnethodologyin-
volvesthefollowing generakteps,

1. Generatiorof higherordermodel

2. Orderreductionof modelobtainedn the previousstep
to obtainmacromodel

2.1 Higher-order modeling

Any linear dynamicsystemcanbe describedoy the fol-
lowing setof coupleddifferentialalgebraicequations,

Ci4+Gz=Bu y=1L"z (2)
wherez is thevectorof internalstatesof the systemy is
thevectorof inputsandy is the vectorof outputs.

The matricesC, G, B and /. aretypically generatedy
discretizingthe constitutive partial differentialequationgle-
scribingthesystem.Themostcommonlyuseddiscretization
techniguesirethefinite differencemethod thefinite element
method the boundaryelementmethodandthefinite volume
method.

2.2 Model order reduction

The reduced-ordemodel is obtainedby projectingthe
higherordermodelontoa smallerKrylov subspaceKrylov
subspacemethods[4] are amongthe most powerful tech-
niguesto computeeigervaluesand eigetvectorsfor sparse
systems.Therehasbeena lot of interestrecentlyin Krylov
subspacefor obtainingreduced-ordemodelsof largelinear
circuits andtheir usein circuit simulation[5] [6]. Krylov
subspacemethodshave also beenappliedto structuraldy-
namic problemsfor modelreductionandcontrol[7]. More
recentlythesaechniquesave beerappliedfor reduced-order
modelingandsimulationof MEMS devices[8]. In the fol-
lowing sectiontheapplicationof theKrylov subspacenethod
for model-ordereductionof linear dynamicsystemss dis-
cussed.



3 KRYLOV SUBSRACES

A Krylov subspacés mathematicallydefinedas
km(A, 7)) = span{r, Ar, A%, ... A"} (2)

In linear algebraterms, Krylov subspacenethodsapproxi-
matethesolutionof Az = b by p(A)b, wherep(A) is apoly-
nomialin A. Thetwo mostpopularmethodgor generating
Krylov subspacearetheArnoldi [9] [5] andthe Lanczog5]
techniquesThelLanczosmethodis in generaimoreaccurate
andusesa shorterrecurrencdormula, which implies faster
computationascomparedo the Arnoldi method.Hencethe
Lanczosmethodis usedto generatehe basisvectorsof the
Krylov subspace this paper

3.1 LanczosBiorthogonalization Algorithm

The Lanczosprocesgasappliedto matrix A, with right
startingvectorr andleft startingvector!) produceghefol-
lowing sequencesf vectors,

Wi, = [wr,wa, ..., w,]  (3)

Vi = [v1, va, . .., vp]

The LanczosvectorsiV and V' spanthe Krylov subspaces
kn(A,r) ands, (AT 1) andareconstructedo bebiorthogo-
nal.

WV, = diag(é1,62,...,6,) (4)
ThelLanczosalgorithmto generatéV,, andV;, from A, » and
l is givenin [5].

3.2 Application to Linear Dynamic Systems

Thelineardynamicsystenrepresentelly Equationl can
be rewritten for single-inputsingle-outpu{SISO)as

Ci+Gr=bu y=ITs (5)

whereb and! arecolumnvectors.

3.2.1 Reduced-ordermodelsbasedon projection

A reduced-ordemodelof ordern for the systemdescribed
by the Equation5 is thenobtainedby thefollowing steps,

1. Define
A=G 'Candr=G'b (6)
2. ComputeV,, andW¥,, usingthe Lanczosmethodsuch
that
span{V,} = kn(A,r)and @)
span{Wn} = ra(AT,0) (8)

Finite Element Model

Figurel: Comb-drve resonator
3. Computethereducednatrice”,,, GG, , b,, andl,, by
Double-sidedrojection
Co =VICW,, G.=VIGW, 9)
b, =WTb, 1, =VTI (20)
Single-sidedrojection

C, =VICV,,
b, = V.0,

G, =VIGV, (11)
I, =Vl (12)

Thedouble-sidegrojection[6] formuladoesnot always
guarantee stablereduced-ordemodel, exceptfor certain
trivial casedike RC networks.Onthe otherhandthesingle-
sidedprojectiononto V;, guaranteesan unconditionallysta-
blereduced-ordemodel[10]. Thereduced-ordemodelhow-
ever is generallylessaccurateghanthe one obtainedby the
double-sidedgrojection. For the specialcaseof LC circuits
(undampedaystemsjhesingle-sidegrojectionhasthesame
accurayg asthe double-sidegbrojection.

4 MICR ORESONATOR MACROMODEL

The comb-drive resonatgrshavn in Figurel, is a very
populardevice in the MEMS communityandhasbeenwell
characterizednakingit anidealtest-benchor thereduced-
ordermodelingmethodology The designspecificationsof
theresonatoandthe simulationresultsfor comparisorwere
obtainedrom theHigh Q Resonato€anonicaDesignProb-
lemwebpage[11]. Thedesignparameteror the microres-
onatorarelistedin Tablel.

4.1 Higher-order model

Thefinite elemenimethod(FEM) is themostwidely used
discretizationtechniqueto solve structuralmechanicgprob-



Tablel: Designparameterfor Microresonator

[fxnom.kHzl | 3 | 10 [ 30 [ 100 | 300 |

Wb [m] 2 2 2 2 2

Lb [ 300 | 300 | 153.7| 67.87| 30.79
Lt [m] 178 | 178 | 178 | 178 | 17.8
Wt [pm] 4 4 4 | 4587 105

Wsa [pum] 11 11 11 11 11
Wsy [um] 11 11 11 11 11
Lsy [pm] 49 49 49 49 49

Loy [um] | 650.5| 340.4| 296.9| 328.3| 413
Wey [pm] | 69.23] 11 | 11 | 11 | 11
Le [um] 113 | 11.3 | 11.3 | 11.3 | 11.3
We [pm] 2 2 2 2 2

N 82 | 43 | 37 | 41 | 52

lems. Sincethe primary componenif the combdrie mi-

croresonatois a mechanicamicrostructure finite element
techniquesrethe mostappropriataliscretizationtechnique
to createa higherordermodelfor the device. Thefinite ele-
mentroutinesareimplementedn MATLAB usingthe Sym-

bolic Toolbox[12] to presere physicalparameteinforma-
tion. The FEM routine generateshe massmatrix, stiffness
matrix andloadingvectorfor the microstructurdor various
loadingandboundaryconditions. The finite elementmodel
of the folded-flexure spring structureis shavn in Figure 1.

The boundaryconditionat end A is a rolling-pin condition
(v = 0) andatendB theboundaryconditionis aguided-end
condition(y = 0, 8 = 0).

4.2 Reduced-ordermodel

Thefinite elementoutinegeneratethemasanatrix, stiff-
nessmatrix andthe loadingvectorfor the microstructureof
interest.The equation®f motioncanthenbewritten as,

Mi+ D+ Ke = Pu and (13)
y=Q"x+ R"% (14)

where M is the massmatrix, D is the dampingmatrix, K’
is the stiffnessmatrix, P is theloadingvector u is theinput
vector y is the outputvectorand is the statevector ¢ and
R arechoserdependingn the outputvariableof interest.

Equationsl 3and14 canberewrittenin theform of Equa-
tion 5 by defining

(541 o-[5 4

and

-]

Thereducednassandstiffnessmatricesof themicrores-
onatorcannow beobtainedoy projectingthe G andC' matri-
cesontoa smallerKrylov subspacegeneratedby the Lanc-
zosmethod. The Lanczosalgorithmis alsoimplementedn
MATLAB usingthe Symbolic Toolbox. The order of the
subspaces chosenaccordingto the frequeng rangewhere
matchingis required. For matchingof ¢ resonantpeaksn
hasto beat least2¢. Thereforeto obtainthe effective mass
and stiffnessof the resonatorf(for matchingthe fundamen-
tal resonanfrequeng) alongthe X-axis, a valueof n = 2
must be used. The expressionof the effective stiffnessin
the X-directionis shavn in Table2. The expressionfor the
effective masds verylongandis notshown.

4.3 Comparisonwith FEM, Analytical
solution and NODAS

The effective stiffnessobtainedusing the Krylov based
reduced-ordemodel was comparedwith the resultsfrom
FEM, analyticalexpressionsand NODAS. The resultsare
shavn in Table2. The analyticalexpressionsn this case
werederivedusingthe Castiglianostheorem [13]

FromTable2 we seethattheKrylov subspaceasededu-
ced-ordemodelmatchegeasonablyvell with the FEM re-
sults,andvery well with the analyticalandNODAS [14] re-
sults. Thisis becausehe simplifying assumption thean-
alytical method,NODAS andthe Krylov subspacenethod
arethe same. The NODAS model actually correspondso
theoriginalfinite elemenimodelusedn theKrylov subspace
method.

5 CONCLUSIONS

An fully automaticmethodto generatescalablemacro-
modelsfor microelectromechanicaystemswas demonst-
ratedin this paper Themethodalsodoesnotrequireary nu-
mericalsimulationgo obtainthereduced-ordemodel. Most
of theexisting macromodefjeneratioriechniquesionotgen-
eratescalablanacromodelsandrequirerepeategimulations
of thefinite elementmodel. Very goodfrequeng response
matchingis also exhibited in the frequeny rangeof inter-
est. Scalable/parameterizalii@odelsarebe obtainedby im-
plementingthe reduced-ordemodelingalgorithmin MAT-
LAB’ s SymbolicToolbox. Thedravbackof usingsymbolic
computatioris thatthecomputatiortimeincreaseseryrapi-
dly with increasingcompleity of the higherordermodel.

The reduced-ordemodelingtechniquepresentedn this
thesiscanbeeasilyextendedo makeit moreusefulandmore
applicableto compositanicrosystemsSomeof theseexten-
sionsarefairly straightforwardandthetheoryalreadyexists.
Thetechniquas currentlylimited to linearSISOsystemsan
beextendedo linearMIMO systemgjuiteeasily Non-linear



Table2: Comparisorof Krylov reduced-ordemodelwith FEM, analyticalsolutionsandNODAS

fx nom. | Stiffnessin X direction= kx [N/m] Resonanfrequeng = fx [kHz]

[kHz] FEM [ Anal. [ NODAS | Krylov [ FEM [ Anal. | NODAS | Krylov
3 0.193 | 0.194| 0.194 0.1956 | 3.288| 3.27 3.28 3.31
10 0.193 | 0.194| 0.194 0.1956 | 9.063| 8.56 9.05 9.18
30 1.4108| 1.44 1.43 1.4540 | 26.75| 25.99| 27.8 27.34
100 15.82 | 16.6 16.5 16.8762 | 87.77 | 88.45| 89.5 91.35
300 162.4 | 180 180 180.7653| 245.3| 267.1| 271.8 | 271.72

ETWb? Wb Lt6 + 32 Wb3 W3 Lb3 Lt3 + 108 W6 LbS

Eff. stiffness along X = kx =

Lb®  2WbS Lt® 4+ 43 Wh3 W3 Lb3 Lt3 + 54 Wt Lb6

Eff. mass along X = mx (not shown | very long expression)

First resonant mode in X direction = fx = —

macromodelingresentyet anothetevel of compleity and
is anactive researchopic. Techniquego speedup symbolic
computatioralsoneedto beinvestigatecandimplemented.

Theauthorgyratefullyacknavliedgetheassistancef Don-
ald Roseandthe supportof the MicrosystemsTechnology
Office of DARPA.
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