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ABSTRACT

We present an explicit formulation for the Jacobian (or tan-
gent) matrix of the discretized non-linear model for a cou-
pled electromechanical system. The Jacobian matrix,
consisting of the derivatives of the residual, is needed in
Newton-Raphson-based algorithms to solve these non-linear
problems, as well as in the analysis of their stability. Our for-
mulation of the Jacobian matrix relies on the discretization of
the electrostatic sub-model by means of the collocation
boundary-element method. It is independent of the discreti-
zation method (either boundary or finite elements) and of
possible non-linearities in the mechanical sub-model.

1     INTRODUCTION

The electrostatic actuation of a mechanical system is a cou-
pled energy-domain problem, where the mechanical defor-
mation and the charge distribution depend on each other.
These transducers play a dominant role in microsystem engi-
neering as new applications, designs and technology are de-
veloped and improved. Examples are airbag-accelerometers,
filters, and deflectable micromirror arrays. The issues raised
in their modeling are due to the intrinsic non-linearity intro-
duced by the coupling. Indeed, even for the case of small de-
formations and displacements, when the mechanical system
alone could be safely considered linear, the electrostatic
pressure acting on conducting surfaces is proportional to the
square of the charge density, and, second, the capacitance
matrix, to be multiplied by the charge density, depends on
the mechanical deformation.
The electrostatic potentials of the conductors are the driving
signals for the actuator, and can therefore be considered as
parameters when analyzing the actuator as an independent
system component. Besides the obvious problem of deter-
mining the configuration of the system (in terms of displace-
ment and charge distribution) corresponding to a certain
input, limit and bifurcation points are relevant issues in the
design of the system, as they can lead to instabilities in the
behavior of the system. All these problems demand non-lin-
ear solution algorithms, for which relaxation methods have
been proposed [1]. Most of contemporary research on non-
linear analysis has focused on homotopy methods that have
Newton-like iterations at their core: the residual of an equa-

tion is linearized around the tentative solution to obtain its in-
crement. In formulae, given the residual equation

(1)

a Newton iteration consists in solving the linearized problem

(2)

for , with known. The matrix
is the Jacobian matrix and consists of the derivatives of the
residual with respect to the unknowns. Matrix-free methods
provide an iterative solution to equation (2), where at every
step the product of the Jacobian matrix times the linear solu-
tion update is estimated [2]. In this approach no explicit
knowledge of the Jacobian matrix is needed. We follow a dif-
ferent approach, taking advantage of the knowledge of the
coupling that is available. Reprising other work [3], we give
an explicit formulation of the Jacobian matrix. It allows the
matrix to be assembled and therefore stored, to be reused in
modified Newton algorithms and eigenvalue problems for
stability analysis.

2     PROBLEM FORMULATION

The systems considered in this paper consist of a set of per-
fect conductors embedded in dielectric materials. The con-
ducting surfaces experience an electrostatic pressure

(3)

Linear Non-Linear

Table 1: Strain and stress-induced force for linear and
non-linear mechanics
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where is the dielectric constant and is the potential at
the interface on the side of the dielectric. In turn, the electro-
static potential satisfies the Poisson equation

(4)

defined on the region occupied by the dielectric . The
electrostatic problem is defined on the geometry resulting
from deforming the initial configuration according to the dis-
placement field . Depending on whether a linear or non-
linear mechanical model is selected, the strain and the
stress-induced force density are taken from the corre-
sponding column of table 1. In both cases we assume the ma-
terials to be linear elastic by expressing the relation between
stress and strain in terms of the of the fourth-order elastic
tensor  as

(5)

In the absence of body forces, the mechanical partial-differ-
ential equation (PDE) reduces to

(6)

The electrostatic pressure poses the additional constraint

(7)

on the conductor surfaces. The normal points towards the
outside of the conductor. If the conductor surface is on the
boundary of the domain of definition of equation (6), then
constraint (7) represents a natural boundary condition, whilst
if the surface is located inside the domain then the constraint
represents a surface source for equation (6). This difference
is of very little importance on the practical side, as after dis-
cretization both sources and natural boundary conditions
form the known terms of the equation system. Following
standard variational techniques, scalar multiplication of the
force density by any kinematically admissible variation
of the displacement, followed by integration over the domain
and application of the Gauss-Green formula, we obtain the
equation of virtual work

(8)

where  is the union of the conductor surfaces.

3     DISCRETIZATION

Both finite and boundary elements are suitable for discretiz-
ing the variational equation (8). Both methods interpolate the

displacement using vector shape functions (typical of
the method) with coefficients  as

(9)

to produce an equation for each nodal force component
. The final outcome is an equation system of the

form

(10)

The left-hand side expresses the elastic reaction force and is
independent of the charge distribution. The right-hand side
expresses the electrostatic force in terms of a weighting func-
tion . For the Finite Element Method (FEM) is equal
to the shape function . For the Boundary Element Method
(BEM) is equal to the elastic fundamental solution cen-
tered at the collocation node. We interpolate the deriva-
tive of the potential normal to the surface, signified by ,
using a set of discontinuous shape functions  as

(11)

Using (11), the force-balance equation (10) is rewritten as

(12)

where the new set of coefficients  is defined by

(13)

To use the BEM to discretize the electrostatic problem, the
Poisson equation (4) is first recast as a Fredholm integral
equation of the first kind [4]. Assuming an undeformed ge-
ometry we obtain

(14)

where is the potential on the conductors and is the Pois-
son fundamental solution. Equation (14) is collocated at a set
of points (each at potential ), yielding the discrete
equation system

(15)
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A mechanical deformation of the system affects the integral
on the right-hand side of equation (15) in two ways. The col-
location node is displaced by and the domain of in-
tegration undergoes a change of coordinate

(16)

Equation (15) is reformulated as

(17)

where the inverse capacitance matrix  is defined by

(18)

The residuals of the mechanical and electrostatic equations
are defined as

(19)

(20)

respectively. Combining the degrees of freedom into the vec-
tor and the residuals into , the
equation system has the form of (1), and its tangent matrix
has four blocks:

(21)

The top-left block is the differential mechanical stiffness,
whose formulation is well-known [5]. Under the assump-
tions of linear mechanics, it coincides with the structural
stiffness. The bottom-right block is the inverse capacitance
matrix (18). The top-right block is simply

(22)

The bottom-left block, whose components are given by

(23)

requires an explicit formulation of the derivative of the inte-
gral (18).

4     THE TANGENT MATRIX

The integral (18) can be restricted to the support of which
coincides with one of the elements, say . is mapped to
a reference element , typically the triangle

(24)

or the quadrilateral

(25)

Assuming an undeformed geometry, the function mapping
the reference element to the actual element is a con-
vex combination of the vertices  of  so that

(26)

The summation in (26) is actually extended to all mesh nodes
imposing to be zero if node is not a vertex of the ele-
ment . The mechanical deformation adds a perturbation

(27)

to the mapping, which becomes

(28)

The argument of the fundamental solution in (18) is written
as

(29)

where the perturbation coefficients are given by

(30)

The capacity matrix elements are then expressed in the refer-
ence space as

(31)

The composition expresses the shape function
in the reference element, which is independent on the

configuration of the element, and consequently from the dis-
placement. The Jacobian depends on the
displacement via the perturbation (27). Since is fixed, the
derivative in (23) can be carried inside the integral (31), and,
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of the three factors under integration, only and
give non-zero derivatives. The former is

(32)

whereas for the latter the transport theorem for shells [6]
gives

(33)

(34)

Summing the two contributions yields

(35)

5     CONCLUSIONS

The electromechanical coupling involves a tangent matrix
comprising four sub-matrices (21). The two diagonal blocks

and are exactly the conventional mechanical stiffness
and the inverse capacitance. Since is already required for
the evaluation of the residual, its assembly does not add to
the computational complexity of the method. For linear me-
chanics is also needed for the residual. For non-linear me-
chanics, the assembly of the stiffness matrix would also be
necessary to solve the coupled problem using a relaxation

method. One of the two off-diagonal blocks, , involves
terms that are already required for the computation of the re-
sidual. The dependence of on a hyper-matrix with three in-
dices does not induce a cubic complexity. It presents
the same sparsity and computational effort of the stiffness
matrix, due to the fact that the product in (13) vanish-
es if the nodes and are not on the same element. This is
consistent with the local nature of the electrostatic pressure
which has a point-wise dependence on the electrostatic field

. The other off-diagonal block is expressed by a linear
combination of two integrals that have the same form as the
single and double layer potentials that are used in assembling
standard BEM equation systems. Consequently, the same
methods that are used to sparsify their structure and acceler-
ate their computation are applicable.
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