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ABSTRACT

In this paper we introduce a novel method, based on
the Lagrange Multiplier Method (LMM), for calculat-
ing pull-in voltages in MEMS. This method combines
the �nite-element with a displacement constraint and
boundary element method. The sign of the lagrange
multiplier will be the criterion used to identify when
the conductors come into contact. The validity of this
numerical approach is demonstrated by two simple ex-
amples along with comparison to previously published
data.
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1 INTRODUCTION

The demand for new computational techniques or
even the improvement of existing ones is still needed in
the MEMS community [1]. The simulation of electro-
statically actuated MEMS consists of the close coupling
of electrostatic and mechanical forces. A key param-
eter used to judge the performance of these devices is
the voltage needed to cause the conductors to �rst come
into contact (i.e. the pull-in voltage).

A common method for achieving a self-consistent
solution in coupled electromechanics is the relaxation
method. The method is chosen for both its simplicity
and ease of integration into commercial CAD programs.
Unfortunately, the determination of pull-in voltages is
based on the slow or non-convergent behavior of the al-
gorithm near pull-in [2]. Consequently, the actual pull-
in voltage or the decision that pull-in has occurred due
to the algorithm's slow convergence may lead to large
errors in the predicted pull-in voltage. The LMM al-
gorithm presented in this paper provides a convergent
method for calculating pull-in voltages with con�dence
and accuracy.

This paper is organized in the following manner: elec-
trostatic analysis is presented in Section 2, elastostatic
and the LMM method is described in Section 3, the pull-
in voltage algorithm is outlined in Section 5, numerical

results are included in Section 6, and �nally conclusions
are given in Section 7.

2 ELECTROSTATIC SIMULATION

The conductor potentials in the electrostatic simu-
lation are speci�ed, and in the absence of free electric
charges the potential must satisfy the Laplace equation

r2	 = 0 (1)

in the region exterior to the conductors. The charge
on the surface of each conductor can be calculated by
solving the integral equation for two-dimensional elec-
trostatic analysis [3],
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where  (x) is the known conductor surface potential, �
is the surface charge density, � is the material permittiv-
ity, and x; x

0

2 R2. The constant C may be determined
utilizing the fact that the total charge of the system is
zero, such that
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A common approach for solving (2) and (3) for �
and C is to use a constant collocation scheme [2]. This
scheme involves discretizing the surfaces of the conduc-
tors into a total of n panels on which the unknown sur-
face charge density, �, is assumed to be uniform. The
result of this method will be a dense linear system of
equations involving n+ 1 unknowns,

[ ~P ]f~�g = f ~ g; (4)

where ~P is the augmented potential coeÆcient matrix
with ~P 2 R(n+1)�(n+1), and ~� and ~ are the augmented
surface charge density and applied potential vectors, re-
spectively with ~�; ~ 2 Rn+1. The term augmented is
used to denote the inclusion of the additional equation
needed to calculate C. Upon the solution of (4), the
surface charge density on each conductor will be known



and the electrostatic pressure, FE , on the surface of each
conductor is given by

FE =
1

2

�2

�
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Once FE has been calculated the electrostatic anal-
ysis is complete, the pressure can then be applied as a
Neumann boundary condition in the LMM that will be
discussed in the next section.

3 LAGRANGE MULTIPLIER

METHOD FORMULATION

The motion of each conductor must be subject to the
principle of impenetrability of matter, a corollary of the
axiom of continuity [4]. The intent of the LMM is to
impose a displacement constraint that will prohibit the
conductors from penetrating one another and identify
when the conductors make �rst contact.

The strong form of the unconstrained problem is
given by the quasi-static form of Cauchy's �rst stress
equation of motion,

divT+ �b = 0; in 
 (6)

along with the Dirichlet and Neumann boundary condi-
tions, respectively, such that

u = �u �u; (7)

T n̂ = �t(n̂) �q ; (8)

where T is the Cauchy stress tensor, � the mass den-
sity, and b the body force per unit mass. The Cauchy
stress tensor T is related to the motion by a properly
invariant constitutive law. In addition, the deformation
will be assumed to remain in the linear elastic regime.
A standard method for solving (6) is via a potential en-
ergy functional. For brevity, the derivation of the poten-
tial energy functionals will be omitted and will only be
stated. For a linear elastic continuum with zero initial
stresses, the total potential energy [5] can be expressed
as
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along with the condition that will invoke the stationarity
of �
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The application of (10) yields the standard matrix equa-
tion,

[K]fUg = fFg; (11)

with K now identi�ed as the sti�ness matrix, U iden-
ti�ed as the displacement vector, and F as the force
vector. Imposition of the displacement constraint of ~U
on a single degree-of-freedom (DOF) Ui requires that
(9) be rewritten as [5]
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where � is the Lagrange multiplier, which is interpreted
as the point force required to impose the displacement
constraint, ~U . Upon the minimization of �L, a matrix
equation is produced that accounts for the displacement
constraint, and is given by
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where ei is a vector that has all zeros entries except for
its ith entry and that entry is a one. The determination
of U and � in (13) is considered the solution of the
LMM problem, since the � calculated will ensure that
the displacement U will be consistent with the imposed
displacement constraint.

4 COUPLED

ELECTROMECHANICAL

SIMULATION

To obtain a self-consistent solution, the relaxation
method will be used to solve (4) and (11) [6]. The details
of this algorithm will not be reviewed because of its
simplicity and common use in MEMS simulations.

5 PULL-IN VOLTAGE SIMULATION

The critical issue in this method is the correct se-
lection of where to impose the displacement constraint.
The location for rudimentary structures such as can-
tilever and �xed-�xed beams is known ab initio.
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Figure 1: Location of displacement constraint on (a)
cantilever beam and (b) �xed-�xed beam.

A MEMS structure in the shape of a cantilever beam
over a at rigid ground plane that is initially parallel
to the beam will �rst come into contact at the tip or
free end. As a result, the beam's displacement must be
constrained at the tip, as shown in Figure 1 at point
(a). Next, a �xed-�xed beam structure with a ground
plane con�gured for the cantilever beam will �rst touch



the ground plane in the center. Therefore, as illustrated
in Figure 1 at point (b), the beam's center displacement
must be constrained. These constraints will allow the
conductor's motion to be consistent with the principle
of impenetrability of matter.

The constraints on the structures will be enforced
exactly whether or not the applied electrostatic pres-
sure is of suÆcient magnitude to cause the conductors
to come into true contact. In other words, from (12)
the displacement constraint, ~U (or initial gap) for DOF
Ui will always be imposed. Consequently, a criterion for
determining actual contact of the conductors is needed.
Following the formulation in Section 3, a negative con-
tact force is considered a false contact force and a posi-
tive contact force will be a true contact force. The sign
inection will be used to judge the when the conductors
�rst touch or,

� =

8<
:

< 0 : false contact

= 0 : first touch

> 0 : true contact

: (14)

The LMM pull-in voltage algorithm is summarized
in Figure 2. The LMM algorithm leaves the standard
relaxation method unchanged except for the addition of
a solution step after the calculation of mechanical defor-
mation due to the electrostatic pressure or the solution
of (11). In this appended step, only linear elastic defor-
mations are considered, leaving the sti�ness matrix K
unchanged throughout the simulation.
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Figure 2: LMM pull-in voltage simulation ow chart
with parenthetical numbers corresponding to equation
numbers used in each step.

Thus, the sti�ness matrix in (13) remains unchanged
and will require only one initial factorization. Conse-
quently, the simulation only requires a fast backsolve
of (13) at the end of each relaxation iteration. At this

point, the calculation of � will allow at each iteration
the determination of the contact force and the voltage
that produces the sign change of the contact force.

6 RESULTS

Using the methods discussed in Section 2-4, two sim-
ple electromechanical structures were analyzed. The
same material properties (E = 169GPa and � = 0:3)
were considered for each case.

6.1 Example One:

The �rst example considered is a cantilever beam of
the geometry shown in Figure 3. The beam is discretized
into 10 8-node planar �nite elements. In addition, the
surface of the beam and ground plane is discretized into
a total of 32 linear panels for electrostatic simulation.
When a positive potential with respect to the ground
plane is applied, the beam deects towards the ground
plane.
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Figure 3: Cantilever beam geometry with length, L =
80�m, thickness, t = 1

2�m, initial gap, g = 7
10�m, and

width, w = 10�m positioned over a at rigid ground
plane.

For a bias less than the pull-in voltage, the beam
reaches an equilibrium state before coming in contact
with the ground plane. This equilibrium state results in
a negative or false contact force as illustrated in Figure
4. As the potential di�erence increases, causing an in-
crease in the electrostatic pressure, the magnitude of the
contact force approaches zero. At a voltage of 2.35V a
change in the contact force sign occurs as the beam's tip
�rst touched the ground plane. This voltage is identi�ed
as the pull-in voltage, and is consistent with theoretical
result of 2.33V [7], a di�erence of 0:86% for the same
exact problem.

6.2 Example Two:

The second example considered was a �xed-�xed beam
of the geometry shown in Figure 5. The beam is dis-
cretized the same as the cantilever beam example. Once
again, as the potential di�erence is increased the dis-
tance between the beam's center and the ground plane
decreased. This is veri�ed by the decrease in the magni-
tude of the contact force, as illustrated in Figure 6. Also,
the change in the sign of the contact force occurs when
the electrostatic pressure reaches suÆcient strength to
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Figure 4: Pull-in voltage simulation results of cantilever
beam

cause the beam to �rst touch the ground plane. The
change in the sign of the contact force occurs at an ap-
plied potential di�erence of 15.39V, which is consistent
with the theoretical result of 15.05V [7], a di�erence of
2:26% for the exact same case.

������������������������������

t
wL

g

Figure 5: Fixed-�xed beam geometry with length, L =
80�m, thickness, t = 1

2�m, initial gap, g = 7
10�m, and

width, w = 10�m located over a at rigid ground plane.

7 CONCLUSIONS

In this paper, the LMMwas used to solve for the pull-
in voltage in coupled electromechanical systems. Results
from two example problems indicate that this method
can be used to accurately determine the pull-in voltage.
The voltages determined in the each example problem
closely matched those of previously published and ac-
cepted results. The di�erence between the pull-in volt-
ages calculated with this method compared to the pub-
lished results can be attributed to the coarse discretiza-
tion for electrostatic and elastostatic simulation. The
bene�t of this method over current methods of deter-
mining the pull-in voltage is that it is not based on
the slow or non-convergent behavior of the relaxation
method which may lead to large errors in pull-in volt-
ages predicted. In summary, the LMM is the foundation
for a promising technique for calculating pull-in voltages
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Figure 6: Pull-in voltage simulation results of �xed �xed
beam.

of electromechanical devices that can be added to exist-
ing simulation tools with relative ease.
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