
���������	�
�������	��������
����	���
��
���

��������	�
�������

�������������������������������	����������������������

������� 	��������	�!������

����"�#$%&�&'�'(&%�$)$	��*"�#$%&�&'�'�&+�&$)	

�,-��"���������������.������,�����

��������

7KH LQWHUHVW LQ PXOWLOD\HU WKLQ�ILOP VHPLFRQGXFWRU

VWUXFWXUHV LV EHFRPLQJ ELJJHU GD\ E\ GD\� )RU PXOWLOD\HU

VWUXFWXUHV ERWK� ORZ�TXDOLW\ DQG JRRG�TXDOLW\ PDWHULDOV DUH

XVHG�

$Q H[WHQGHG (EHUV�0ROO PRGHO IRU VLPXODWLQJ

PXOWLOD\HU VWUXFWXUHV ZDV GHYHORSHG� 7KH VWDQGDUG (EHUV�

0ROO PRGHO IRU D WUDQVLVWRU VWUXFWXUH ZDV H[WHQGHG WR EH

XVHG IRU PRUH MXQFWLRQV� ,Q DGGLWLRQ SKRWRJHQHUDWHG FXUUHQW�

UHFRPELQDWLRQ FXUUHQW LQ VSDFH�FKDUJH UHJLRQ DQG FDUULHU

PXOWLSOLFDWLRQ DUH DGGHG WR WKH PRGHO� 7KLV PRGHO LV

DFWXDOO\ XVHG IRU D IRXU�OD\HU VWUXFWXUH EXW FDQ EH HDVLO\

H[WHQGHG WR EH XVHG IRU DQ\ PXOWLOD\HU VHPLFRQGXFWRU

GHYLFH�

.H\ZRUGV� PRGHOOLQJ� PXOWLOD\HU GHYLFHV� H[WHQGHG (EHUV�

0ROO PRGHO�
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$ ORW RI QXPHULFDO VLPXODWRUV WKDW RIIHU FRPSOH[

VLPXODWLRQV DUH DYDLODEOH WKHVH GD\V� 7KH\ FDQ VLPXODWH

VHYHUDO VHPLFRQGXFWRU VWUXFWXUHV TXLWH ZHOO� EXW JLYH QR

LQIRUPDWLRQ DERXW WKH SK\VLFDO RSHUDWLRQV RI WKRVH

VWUXFWXUHV� 'HVSLWH DOO WKHVH KHOSIXO QXPHULFDO VLPXODWRUV

ZH QHHG WR NQRZ KRZ WKH VHPLFRQGXFWRU GHYLFH RSHUDWHV�

,Q RXU ZRUN DQ H[WHQGHG (EHUV�0ROO PRGHO IRU

VLPXODWLQJ PXOWLOD\HU VHPLFRQGXFWRU GHYLFHV ZDV

GHYHORSHG >�� �@� 7KH PRGHO LV EDVHG RQ VWDQGDUG WUDQVLVWRU

(EHUV�0ROO PRGHO >�@� 7KLV PRGHO ZDV PRGLILHG DQG

H[WHQGHG WR EH XVHG IRU D PXOWLOD\HU GHYLFH� )LUVW RI DOO ZH

DGG UHFRPELQDWLRQ FXUUHQW LQ WKH VSDFH�FKDUJH UHJLRQV DQG

IUHH FDUULHU PXOWLSOLFDWLRQ LQ UHYHUVHG ELDVHG MXQFWLRQV� 7R

XVH LW DOVR IRU SKRWR WULJJHUHG GHYLFHV ZH DGG

SKRWRJHQHUDWHG FXUUHQW WR WKH PRGHO�

7KLV PRGHO LV D FRPSUHKHQVLEOH WRRO IRU DQDO\VLV RI

VHYHUDO PXOWLOD\HU VHPLFRQGXFWRU VWUXFWXUHV� 7KH PRGHO FDQ

EH XVHG IRU SKRWR�VHQVRUV� KHWHUR�MXQFWLRQ VWUXFWXUHV DQG

DOVR IRU QRYHO PXOWLOD\HU VRODU FHOOV�

,Q WKH SDSHU WKH H[WHQGHG (EHUV�0ROO PRGHO LV GHVFULEHG

DQG LWV XVH IRU VLPXODWLQJ D PXOWLOD\HU IORDWLQJ MXQFWLRQ

VRODU FHOO LV SUHVHQWHG�
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7KH VHPLFRQGXFWRU PXOWLOD\HU VWUXFWXUH LV VKRZQ

VFKHPDWLFDOO\ LQ )LJ� �D� 7KH FXUUHQW IORZLQJ RYHU DOO SQ

MXQFWLRQV LV WKH VDPH� $ JRRG LQVLJKW LQWR WKH SK\VLFDO

RSHUDWLRQ RI WKH VHPLFRQGXFWRU GHYLFH FDQ EH REWDLQHG E\

PHDQV RI DQ H[WHQGHG (EHUV�0ROO PRGHO �)LJ� �E�� (DFK

MXQFWLRQ LQ WKLV PRGHO LV UHSUHVHQWHG ZLWK WZR GLRGHV �'��

'Q DQG 'Q���'�Q� DQG FXUUHQW VRXUFHV WKDW UHSUHVHQW WKH

LQWHUQDO IHHGEDFN SDWKV DQG SKRWRJHQHUDWHG FXUUHQW�
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)LJ� �� $ PXOWLOD\HU VHPLFRQGXFWRU VWUXFWXUH �D� DQG LWV

HTXLYDOHQW FLUFXLW PRGHO �E��

7KH ILUVW GLRGH FDUULHV WKH GDUN FXUUHQW GHQVLW\
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ZKHUH -VL GHQRWHV WKH GDUN VDWXUDWLRQ FXUUHQW GHQVLW\ RI WKH

L�WK MXQFWLRQ DQG 97  N7�T� 7KH GDUN FXUUHQW GHQVLW\ LV D

IXQFWLRQ RI WKH PDWHULDO SK\VLFDO SURSHUWLHV DQG LV

FDOFXODWHG XVLQJ WKH W\SLFDO VHPLFRQGXFWRU HTXDWLRQV

�FRQWLQXLW\ HTXDWLRQ� %ROW]PDQQ HTXDWLRQV�����

7KH VHFRQG GLRGH UHSUHVHQWV WKH UHFRPELQDWLRQ FXUUHQW

GHQVLW\ LQ WKH VSDFH�FKDUJH UHJLRQ� 7KH UHFRPELQDWLRQ

FXUUHQW GHQVLW\ FDQ EH H[SUHVVHG DV
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ZKHUH -VM GHQRWHV WKH GDUN UHFRPELQDWLRQ FXUUHQW GHQVLW\ RI

WKH M�WK MXQFWLRQ DQG QM WKH FRUUHVSRQGLQJ GLRGH IDFWRU� 7KH

GLRGH IDFWRU LV XVXDOO\ D QXPEHU EHWZHHQ � DQG � >�@�

7KH UHFRPELQDWLRQ VDWXUDWLRQ FXUUHQW DQG WKH GLRGH

IDFWRU FDQ EH FDOFXODWHG XVLQJ WKH VWDQGDUG 65+ WKHRU\ >�@

DQG %ROW]PDQQ TXDVL�HTXLOLEULXP FDUULHU FRQFHQWUDWLRQV LQ

WKH VSDFH�FKDUJH UHJLRQV�

7KH LQWHUQDO IHHGEDFN SDWKV� ZKLFK H[LVW ZLWKLQ WKH

PXOWLOD\HU VWUXFWXUH� DUH UHSUHVHQWHG E\ HTXLYDOHQW FXUUHQW

VRXUFHV

-L�� αL�L�� DQG -L�� αL�L��� ���

ZKHUH α GHQRWHV WKH FRUUHVSRQGLQJ VKRUW�FLUFXLW WUDQVIHU

UDWLR �FXUUHQW JDLQ�� 7KLV LV WKH UDWLR EHWZHHQ FROOHFWHG

FKDUJH FDUULHUV DW �L����WK RU �L����WK MXQFWLRQ DQG LQMHFWHG

FDUULHUV RYHU WKH L�WK MXQFWLRQ� 7KH VKRUW�FLUFXLW WUDQVIHU

UDWLRV DUH LQGH[HG DV LQ WKH RULJLQDO SDSHU RI (EHUV DQG 0ROO

>�@� 7KHVH LQWHUQDO IHHGEDFN SDWKV KDYH D JUHDW LPSDFW RQ

WKH VHPLFRQGXFWRU VWUXFWXUH SHUIRUPDQFH�

$Q LOOXPLQDWHG VHPLFRQGXFWRU PXOWLOD\HU GHYLFH FDQ EH

VLPXODWHG ZLWK DGGHG FXUUHQW VRXUFHV -VFL� WKDW UHSUHVHQW WKH

SKRWRJHQHUDWHG DQG FROOHFWHG IUHH FDUULHUV DW HDFK MXQFWLRQ�

7KH PXOWLSOLFDWLRQ IDFWRU 0 IRU FROOHFWHG FDUULHUV DW WKH

UHYHUVH ELDVHG MXQFWLRQV FDQ EH H[SUHVVHG DV
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ZKHUH 9%5 GHQRWHV WKH EUHDNGRZQ YROWDJH� 9N GHQRWHV WKH

UHYHUVH ELDVHG MXQFWLRQ YROWDJH DQG WKH H[SRQHQW P IRU

VLOLFRQ LV D QXPEHU EHWZHHQ � DQG � >�@�
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:H GHYHORSHG WKLV PRGHO WR DQDO\VH PXOWLOD\HU VRODU

FHOOV� DOWKRXJK LW FDQ EH XVHG IRU VHYHUDO RWKHU PXOWLOD\HU

VWUXFWXUHV�

7KH VHPLFRQGXFWRU VWUXFWXUH WKDW ZH DQDO\VHG ZDV D

IRXU�OD\HU IORDWLQJ�MXQFWLRQ VRODU FHOO� 7KH VWUXFWXUH LV

VFKHPDWLFDOO\ VKRZQ LQ )LJ� �� 7KH VWUXFWXUH LV D VWDFN RI

DOWHUQDWLQJ S DQG Q OD\HUV ZLWK D WRS DQG D ERWWRP HOHFWULFDO

FRQWDFW�

PHWDO

FRQWDFW

Q

S

S
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)LJ �� )RXU�OD\HU IORDWLQJ�MXQFWLRQ VRODU FHOO�

)LUVW ZH WU\ WR RSWLPLVH WKH VKRUW�FLUFXLW FXUUHQW GHQVLW\

DQG WKH RSHQ�FLUFXLW YROWDJH� %RWK FKDUDFWHULVWLF SDUDPHWHUV

RI WKH VRODU FHOO DUH DQDO\VHG ZLWK D VLPSOLILHG PRGHO� :H

GR QRW WDNH LQ UHJDUG WKH UHFRPELQDWLRQ LQ WKH VSDFH�FKDUJH

UHJLRQ DQG WKH PXOWLSOLFDWLRQ IDFWRU RI IUHH FDUULHUV� 7KH

VLPSOLILFDWLRQ ZDV PDGH EHFDXVH RI HDVLHU DQDO\WLFDO

DQDO\VLV� 7KH UHFRPELQDWLRQ LQ VSDFH�FKDUJH UHJLRQ ZDV

DGGHG DIWHUZDUGV� 7KH VLPXODWLRQV VKRZHG WKDW WKH

RSWLPXP FULWHULD GHULYHG ZLWKRXW UHFRPELQDWLRQ FXUUHQWV LQ

WKH VSDFH�FKDUJH UHJLRQV DUH YDOLG HYHQ LI UHFRPELQDWLRQ

FXUUHQWV DUH FRQVLGHUHG�
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8QGHU LOOXPLQDWLRQV DOO SQ MXQFWLRQV DUH IRUFHG LQWR WKH

IRUZDUG YROWDJH UHJLPH� 7KH HTXLYDOHQW FLUFXLW IRU D IRXU�

OD\HU VWUXFWXUH \LHOGV WKH H[SUHVVLRQ
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ZKLFK VKRZV WKDW WKH FHQWUDO YROWDJH GURS 9� LV KLJKHU WKHQ

WKH RWKHU WZR �9� DQG 9��� 'DUN FXUUHQW GHQVLWLHV -� DQG -�
DUH WKHUHIRUH PXFK ORZHU WKDQ WKH GDUN FXUUHQW GHQVLW\ -��

1HJOHFWLQJ IRU WKLV SXUSRVH WKH GLRGHV '� DQG '� D

VLPSOLILHG PRGHO IRU VKRUW�FLUFXLW FRQGLWLRQV� VKRZQ LQ )LJ�

�� FDQ EH XVHG�
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)LJ� �� 6LPSOLILHG HTXLYDOHQW FLUFXLW RI ��OD\HU FHOO IRU

VKRUW�FLUFXLW FRQGLWLRQV�

)URP WKH HTXLYDOHQW FLUFXLW LQ )LJ� � LW FDQ EH HDVLO\

GHPRQVWUDWHG WKDW WKH PD[LPXP YDOXH RI VKRUW�FLUFXLW

FXUUHQW GHQVLW\ -VF DSSURDFKHV WKH VXP RI LQGLYLGXDO

SKRWRJHQHUDWHG FXUUHQWV DW HDFK MXQFWLRQ

��� VFVFVFVF
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RQ FRQGLWLRQ WKDW WKH VXP RI FXUUHQW JDLQV DSSURDFKHV XQLW\

�
����

→+αα ���

,Q UHDOLW\ ERWK GDUN FXUUHQW GHQVLWLHV FDQQRW EH

QHJOHFWHG EXW LW KDV QR LPSDFW RQ WKH FRQGLWLRQ ���� 7KH

FRQGLWLRQ LV IXOILOOHG ZKHQ WKH WUDQVSRUW IDFWRUV IRU LQMHFWHG

PLQRULW\ FDUULHUV LQ WKH VHFRQG DQG WKLUG OD\HU DSSURDFK

XQLW\�

7KH FULWHULD IRU FXUUHQW JDLQV α�� DQG α�� FDQ EH

REWDLQHG IURP WKH LQLWLDO HTXLYDOHQW FLUFXLW �)LJ� �� IRU D

IRXU�OD\HU GHYLFH� ,W WXUQHG RXW WKDW WKH FRQGLWLRQ -�→�

GHPDQGV α��→� DQG -�→� GHPDQGV α��→�� ,W PHDQV WKDW

KLJK HPLVVLRQ HIILFLHQF\ IRU LQMHFWHG FDUULHUV LV PDQGDWRU\�

%RWK FRQGLWLRQV FDQQRW EH VDWLVILHG DW WKH VDPH WLPH�

EHFDXVH� DV LW ZDV PHQWLRQHG DERYH� ERWK GDUN GLRGH FXUUHQW

GHQVLWLHV �'� DQG '�� FDQQRW EH QHJOHFWHG� 8VXDOO\ WKH GDUN

GLRGH FXUUHQW GHQVLW\ -� LV PXFK ORZHU WKDQ WKH RWKHU WZR

DQG FDQ EH QHJOHFWHG�
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7KH VHFRQG LPSRUWDQW SDUDPHWHU IRU VRODU FHOOV LV WKH

RSHQ�FLUFXLW YROWDJH� 7KH VLPSOLILHG HTXLYDOHQW FLUFXLW IRU

RSHQ�FLUFXLW FRQGLWLRQV FRQVLVWV RI WKUHH VHSDUDWHG VLPSOH

FLUFXLWV� VKRZQ LQ )LJ� ��

$GRSWLQJ SUHYLRXVO\ GHULYHG FRQGLWLRQV DQG WDNLQJ LQWR

DFFRXQW (EHUV�0ROO UHODWLRQV
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WKH PD[LPXP 9RF LV H[SUHVVHG LQ WKH IRUP
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DQG WKH WKUHH MXQFWLRQ YROWDJHV DUH WKH VDPH� 9� 9� 9� 9RF�
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)LJ� �� 6LPSOLILHG HTXLYDOHQW FLUFXLW RI ��OD\HU FHOO IRU

RSHQ�FLUFXLW FRQGLWLRQV�

#&#� �����*�������

7KH UHFRPELQDWLRQ LQ VSDFH�FKDUJH UHJLRQV KDV D JUHDW

LPSDFW RQ WKH VRODU FHOO SHUIRUPDQFH ZKHQ WKH PDWHULDO

TXDOLW\ LV ORZ� 7KH\ PXVW EH FRQVLGHUHG LQ DQDO\VLV� EXW WKH

VLPXODWLRQV VKRZHG WKDW DOO SUHYLRXVO\ PHQWLRQHG

FRQGLWLRQV IRU VKRUW�FLUFXLW FXUUHQW DQG RSHQ�FLUFXLW YROWDJH

DUH YDOLG DQG FDQ EH XVHG�

)RU D IRXU�OD\HU VRODU FHOO WKH UHFRPELQDWLRQ FXUUHQWV

DOVR JLYH WKH SRVVLELOLW\ WR VLPXODWH WKH WXUQLQJ�RQ SRLQW RI

WKH WK\ULVWRU�OLNH VWUXFWXUH�

+� ���,������	-��.	�	��������"
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$OO VLPXODWLRQV ZH PDGH ZHUH FRPSDUHG ZLWK WKH

UHVXOWV GHULYHG ZLWK QXPHULFDO VLPXODWRU 0(',&, >�@� $

FRPSDULVRQ EHWZHHQ HIILFLHQFLHV RI WKH VDPH FHOOV ZDV

PDGH�

)LUVW ZH RSWLPLVHG WKH IRXU�OD\HU VRODU FHOO ZLWK WKH

H[WHQGHG (EHUV�0ROO PRGHO DQG WKHQ ZH VLPXODWHG WKLV

XQFKDQJHG VRODU FHOO VWUXFWXUH ZLWK WKH QXPHULFDO VLPXODWRU

0(',&,� 7KH EDVLF SDUDPHWHUV OLNH VXUIDFH UHFRPELQDWLRQ

DQG 65+ UHFRPELQDWLRQ OLIHWLPHV ZHUH VHW WR WKH VDPH

YDOXHV�

7KH VRODU FHOO HIILFLHQF\ DW D 65+ UHFRPELQDWLRQ

OLIHWLPH RI ��
��
V ZDV ����� ZKLOH WKH H[WHQGHG (EHUV�0ROO

PRGHO ZDV XVHG DQG ����� ZKLOH WKH QXPHULFDO VLPXODWRU

0(',&, ZDV XVHG� ,Q WKH DQDO\WLFDO VLPXODWLRQV WKH

UHFRPELQDWLRQ GLRGH IDFWRU ZDV Q �� 7KH GLIIHUHQFHV



EHWZHHQ UHVXOWV DUH PRUH HYLGHQW DW KLJKHU 65+ OLIHWLPHV�

ZKHUH WKH HIILFLHQFLHV GHULYHG ZLWK 0(',&, DUH ORZHU WKDQ

WKRVH GHULYHG ZLWK WKH H[WHQGHG (EHUV�0ROO PRGHO� 7KH

GLIIHUHQFHV DUH D UHVXOW RI PRUH DFFXUDWH QXPHULFDO

VLPXODWLRQV�

/� ����"�����

$Q H[WHQGHG (EHUV�0ROO PRGHO IRU VLPXODWLQJ

PXOWLOD\HU VHPLFRQGXFWRU GHYLFHV ZDV GHYHORSHG� 7KH

PRGHO LV D FRQYHQLHQW WRRO IRU H[DPLQDWLRQ RI SK\VLFDO

RSHUDWLRQ RI GLIIHUHQW VWUXFWXUHV�

:H XVHG WKH PRGHO IRU VLPXODWLQJ DQG RSWLPLVLQJ D

IORDWLQJ MXQFWLRQ VRODU FHOO� DOWKRXJK LW FRXOG EH XVHG IRU

VHYHUDO RWKHU PXOWLOD\HU VHPLFRQGXFWRU VWUXFWXUHV�

7KH VLPXODWLRQ UHVXOWV IRU D PXOWLOD\HU VRODU FHOO GHULYHG

ZLWK WKH H[WHQGHG (EHUV�0ROO PRGHO ZHUH FRPSDUHG ZLWK

QXPHULFDO VLPXODWLRQV� 7KH FRPSDULVRQ VKRZHG WKDW WKH

UHVXOWV DUH TXLWH VLPLODU� 7KH GLIIHUHQFHV DUH PRUH HYLGHQW LI

PDWHULDOV DUH EHWWHU �KLJKHU IUHH FDUULHU OLIHWLPHV� EHFDXVH RI

PRUH DFFXUDWH UHVXOWV PDGH ZLWK QXPHULFDO VLPXODWRU�

��0�������

>�@ .� %UHFO� 0� *HU]HOM� )� 6PROH� 6� $PRQ� -�

)XUODQ� �0RGHOOLQJ 0XOWLOD\HU 6RODU &HOO 6WUXFWXUHV�� �
QG

:&39(&� 9LHQQD �������

>�@ .� %UHFO� )� 6PROH� -� )XUODQ� �0RGHOOLQJ RI

0XOWLOD\HU 7KLQ�)LOP 6RODU &HOOV�� 3URJUHVV LQ

3KRWRYROWDLF� LQ SULQW�

>�@ -�-� (EHUV� -� /� 0ROO� ³/DUJH�6LJQDO %HKDYLRU RI

-XQFWLRQ 7UDQVLVWRUV³� ,5( ��� 'HF� ����� SS� ����������

>�@ $� YDQ GHU =LHO� 6ROLG 6WDWH 3K\VLFDO (OHFWURQLFV�

����� SS� ��������

>�@ 0� 6KXU� ³5HFRPELQDWLRQ &XUUHQW LQ )RUZDUG�

%LDVHG S�Q -XQFWLRQV´� ,((( 7UDQV� RQ (OHFWU� 'HYLFHV� 9RO�

��� 1R� ��� SS� ����������

>�@ :� *HUODFK� 7K\ULVWRUHQ� �����

>�@ 0(',&,� 7ZR�'LPHQVLRQDO 6LPXODWLRQ 3URJUDP�

9HUVLRQ ���� 70$� 6XQQ\YDOH� &DO� �������


