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ABSTRACT

The air-damping effect on the resonant frequency and
the quality factor of a micro- and nano-machined beam
resonator is studied. The beam, placed in a uniform
magnetic field, is driven to vibrate transversely by the
Lorentz force generated by an electrical signal passing
through a lead attached to the beam. Based on the Oseen
solution of the drag force acting on an infinite long cylinder
that moves in incompressible viscous fluids at low
Reynolds numbers, the air drag to the beam vibration is
characterized and incorporated into the linear elastic beam
theory. The analytical results show that air-damping
generally shifts the resonant frequency downward and
degrades the quality-factor, and that this effect increases as
the dimension of the beam decreases. In addition, the
frequency response of the electromotive force generated by
the motion of the resonator in the magnetic field is also
obtained, including the influence of high frequency modes.
Based on the quantitative numerical results, it is concluded
that the air-damping effect can be significant for sub-
micron resonators for frequency-agile applications, while
the high frequency mode effect appears to be negligible
under realistic physical circumstances.
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1 INTRODUCTION

Micro- and nano-machined mechanical resonators have
been received considerable attention recently because of
their many important technological applications. For
example, such resonators with central frequencies in the
order of MHz or even GHz, typically fabricated from the
single crystal silicon [1, 2], have potential to be used as
components of signal filters in communications systems
[3]. Accurate analysis of various mechanical effects on the
characteristics of resonators, such as resonant frequencies
and quality factors, is essential for designing high
performance components.

A primary concern of the performance of micro- and
nano-machined mechanical resonators is the air-damping
effect on the resonant frequency and the quality factor. The
demand of high frequency application requires the decrease
of the dimension of the resonator. However, because the
volume (mass) decreases more rapidly than the surface

area, this would increase the air-damping effect
accordingly, resulting in the intolerable resonant frequency
shift and the degradation of the quality factor. The analysis
of this length-scale dependent air-damping effect will
provide the guidelines to determine under what conditions
the resonator needs to be vacuum-encapsulated.

In this communication, we present an analysis of the air-
damping effect on the vibration of a double clamped elastic
prism beam made from the bulk silicon crystal. The beam,
placed in the uniform magnetic field, is driven to vibrate
transversely by the Lorentz force generated by an electrical
signal passing through a lead attached on the beam. A beam
resonator of this type of configuration was fabricated and
studied by Cleland and Roukes [1, 3]. Here, we shall
emphasize on the air-damping effect on the resonant
frequency shift and the quality factor of the resonator as the
dimension of the resonator varies.

2 MECHANICAL ANALYSIS

Consider a double clamped elastic prism beam as shown
in Fig. 1. The length, the height, and the width of the beam
are l , h , and a , respectively. The magnetic field B  is
assumed to be normal to the beam and the paper. The input
electric current ID(t) passes through the lead attached on the
beam in the x-axis direction. The beam is activated to
vibrate transversely in Y-axis direction by the Lorentz
force.

Fig. 1 Geometry of the double clamped elastic prim beam

2.1 Equation of Vibration

Following the continuum theory of the beam [4], the
motion equation of the beam can be expressed as
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where E is YoungÕs modulus; ρ is the density of the beam;
q(x, t) is the external loading per unit length on the beam,
which consists of air drag qd and the Lorentz force qm

generated by the electric current in the magnetic field.
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To determine the drag qd, we resort to the definition of
the drag force F d on the rigid body immersed in the
incompressible fluid flow with the speed V [5],
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where ρa is the density of air, A is the wetted area, Cd is the
drag coefficient, depending on the Reynolds numbers. To
obtain the drag force on the beam considered, we begin by
considering an infinite long cylinder that moves with the
speed V in the air, with the Reynolds number less than 1.0,
which appears to be a valid assumption for the micro- and
nano-machined beam vibration. The Oseen solution for the
drag is given by Tomotika and Aoi [6, 7]
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where Fd
/ is the drag per unit length; d is the diameter of the

cylinder;  Γ  = 0.577216É is the EulerÕs constant; Re is the
Reynolds number defined by

     
µ
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where µ is the dynamic viscosity of air. The equation (3) is
in good agreement with the experimental result for Re < 1
[5]. Define
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the drag force per unit length on the cylinder may be
expressed as

          Vqd µα= .                                                   (6)

We assume that the form of equation (6) is also applicable
to the long prism beam with the modified α  by a
coefficient. The value of the coefficient may be calibrated
from the ratio of the drag coefficient of the beam to that of
the cylinder at the high Reynolds numbers, which is given
by about 1.67 [8]. Therefore we express the air drag force
per unit length on the beam by

dt
txdy

qd
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Substitution of (7) into (1) would result in a non-linear
equation that requires numerical results. Furthermore, we
note that α changes flatly with the Reynolds because of the
logarithm term. Hence, we simplify the equation (1) by
assuming the parameter α  to be a constant. The final air-
damping effect will be estimated by selecting the parameter
α  in the range of 0 to 10, corresponding to the appropriate
range of the Reynolds number for the analysis. Finally, the
Lorentz force in (1) is given by

        )(tBIq Dm =                                                (8)

where B is the intensity of magnetic field, ID is the input
electric current. Substitution of (7) and (8) into (1) results in
the motion equation of the beam
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with the boundary conditions
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1.2 Mode Analysis of Free Vibration

We first consider the free vibration, in which there is no
exciting magnetic force term. By separation of variables
and use of the boundary conditions, we obtain the solution
of free vibration
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where Ai a n d  Bi are coefficients determined by initial
conditions, and
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where the parameter pi is the  natural frequency of the beam
free of air damping; ζi is conventionally defined as the
damping ratio of the dynamical system.

The above solution gives the resonant frequency
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The resonant frequency shift ratio is then given by
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The solution of the first mode is of the most interest. For
the small dumping ratio, the quality factor Q, for the first
mode vibration, can be approximately expressed by
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To illustrate the size dependent air-damping effect on
the natural frequency, resonant frequency shift, and the
quality factor, we consider a fixed shape (l/a=20, h/a=2)
beam with various width. The shape of beam resembles the
silicon beam with length of 7.7 µm, width of 0.33 µm, and



height of 0.8 µm, fabricated by Cleland and Roukes [1].
Only effect on the first mode vibration is considered. The
materials constants are taken E = 1.658 × 1011 N/m2, ρ =
2300 kg/m3, µ = 1.81 × 10-5 Ns/m2. Fig. 2 demonstrates the
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Fig. 2 Variation of the resonant frequency with the
width of the fixed shaped beam
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Fig. 3 Variation of the resonant frequency shift ratio
with the resonant frequency for various damping
coefficients

dependence of the natural frequency on the width of the
beam. It shows the general trend that the frequency
increases as the dimension of the beam decreases. Fig. 3
illustrates the variation of resonant frequency shift ratio
with the resonant frequency for various parameter α . It
shows the resonant frequency shift ratio increases as the

resonant frequency increases. This is because the higher
frequency corresponds to the smaller beam, in which the
air-damping effect is relatively more dominant. By the
same token, the quality factor decreases as the frequency
increases, which is shown in Fig 4.
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Fig. 4 Variation of the Q-factor with the resonant frequency
for various damping coefficients

1.3 Solution of Forced Vibration

To obtain the solution of the forced vibration under the

magnetic force, we assume tj
D IetI ω=)( . By expanding

the solution of (9) in the vibrational modes Xi and using the
orthogonal character of the modes, we can obtain the
solution
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which has non-zero odd terms ϕ1 = 0.831, ϕ3 = 0.364, ϕ5 =
0.231.

     The motion of the resonator through the magnetic field
generates an electromotive force (EMF) along the leads
attached to the resonator. In the absence of an external
electrical circuit, or, equivalently, one with an infinite
source impedance, the voltage is given by
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Substituting (20) into (22), we obtain
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The above exact solution includes the influence of the
higher modes of vibration. As a remark, we note that the
solution also differs from the solution given by Cleland and
Roukes [2] by the factor of ϕ1 if only the basic mode of
vibration is considered. This difference is caused by the fact
that the ÒeffectiveÕÕ concept used in their analysis was not
applied on the both side of equation (1) in their paper.

By selecting a = 1 µm, h = 0.5 µm, l = 20 µm, α = 10,
we have studied the effect of the higher mode vibration on
the first mode vibration. It shows that the maximum
magnitude of the EMF and qualify factor remain almost the
identical. We therefore conclude that the effect of higher
mode on the basic mode can be neglected in realistic
physical applications.

2 SUMMARY AND CONCLUSION

The air-damping effect on the resonance frequency and
the quality factor of a beam resonator is studied. Based on
the Oseen solution of the drag force acting on an infinite
long cylinder that moves in an incompressible viscous fluid
with uniform velocity at low Reynolds numbers, the air
drag to the beam vibration is characterized and incorporated
into the continuum beam theory. The analytical results have
shown that air-damping generally shifts the resonance
frequency downward and degrades the quality-factor, and
that this effect increases as the dimension of the beam
decreases. In addition, the frequency response of the
electromotive force generated by the motion of the
resonator in the magnetic field is also obtained, including
the influence of high frequency modes. Based on the
quantitative numerical results, it is concluded that the air-
damping effect can be significant for sub-micron resonators
for frequency-agile applications, while the high frequency
mode effect appears to be negligible under realistic physical
circumstances.
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