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ABSTRACT

We propose a multiscale modeling to study the ef-
fective behavior of a heterogeneous thin �lm accounting
in detail for the underlying microstructure, grain sizes
and the �lm thickness. Motivated by the recent study of
shape-memory thin �lms, we develop our theory within
the framework of 3D nonhomogeneous nonlinear elas-
ticity enhanced with an interfacial energy. We do not
require any priori selection of asymptotic expansion or
ansatz in deriving our results. Under certain condi-
tions, we show that the behavior of the �lms can not
be predicted solely from that of identical bulk materi-
als and can critically depend on the relative magnitudes
of di�erent material length scales. We apply our the-
ory to martensitic materials and show that the shape-
memory behavior can crucially depend on the ratios of
these length scales. We comment on some novel and
unusual properties that multilayer thin �lms made of
shape-memory and elastic materials can display.

Keywords: Heterogeneous Thin Films, Martensitic
Materials, Multiscale Modeling

1 Introduction

Martensitic thin �lms have recently attracted much
interest because of their potential for application as mi-
croactuators [1]{[6]. Crystals undergoing a thermoelas-
tic martensitic transformation often exhibit the shape-
memory e�ect. Below the transformation temperature,
they are extremely malleable - sustaining a huge defor-
mation with strains as large as 10% under very small
forces. When they are heated above the transformation
temperature, the specimen springs back to its original
shape as all the strain is recovered. Actuators utiliz-
ing the shape-memory e�ect are predicted to have the
largest energy output per unit volume per cycle among
a variety of common actuator systems [4]. But bulk
shape-memory actuators have enjoyed limited success in
temperature sensitive applications because the response
is slow due to thermal inertia. On the other hand, the
enhanced rate of heat transfer in thin �lms makes these
alloys ideal for microactuator, micropump and for mi-
croelectromechanical system (MEMS) applications.

Typically, martensitic �lms are polycrystalline rather
than monocrystalline. A polycrystal consists of a large
number of single crystal grains with di�erent orienta-
tions. The behavior of a polycrystal can be very dif-
ferent from that of a single crystal because of the con-
straining e�ect of neighboring grains. Depending on the
deposition technique, the size of grains within the �lm
can be larger than, comparable to or smaller than the
thickness of �lm. Furthermore, depending on the mate-
rial, the length scale of microstructure can also be larger
than, comparable to or smaller than that of grains. The
behavior of the �lm can critically depend on the rela-
tive magnitudes of these length scales, and we seek to
understand this here.

The interest in microelectromechanical systems ap-
plications has recently motivated many experimental ef-
forts to make martensitic thin �lms of Ti-Ni by sputter-
ing. However, microstructure can be signi�cantly di�er-
ent in thin �lms as compared to bulk materials. Hence,
it is not clear that Ti-Ni is the ideal material in thin
�lms. Bhattacharya and James [7] have developed a
theory of martensitic single crystal thin �lms and Shu
[8], [9] has extended this framework to bulk and thin-�lm
polycrystals. In Section 2, we brie
y describe our theo-
retical framework using energy minimization and study
the e�ect of texture and grain size on recoverable strains
in Section 3. We �nd that sputtering textures in both
Ti-Ni and Cu-based shape-memory thin �lms are not
favorable for large recoverable strain. We also use this
theory to explore multilayer �lms and the novel proper-
ties that they may possess.

2 A Thin Film Model

Consider a heterogeneous (possibly multilayer) thin
�lm shown in Figure 1. It occupies a reference domain


h = fx 2 IR3 : (x1; x2) 2 S; 0 < x3 < hg; (1)

where S is a bounded Lipschitz domain, fx1; x2; x3g are
relative to an orthonormal �lm basis fe1; e2; e3g, and h
is the �lm thickness. Let ~y : 
h ! IR3 be the deforma-
tion of the �lm. The total energy of the heterogeneous
thin �lm is

~e(h)[~y] =

Z

h

n
�2jr2~yj2 + '(r~y;

x1

d
;
x2

d
;
x3

h
)
o
dx; (2)
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Figure 1: A heterogeneous thin �lm with three di�erent

length scales.

where ' : IM3�3�IR2�(0; 1)! IR is the elastic free en-
ergy density of the �lm and IMm�n is the set of allm�n
matrices. We assume that ' is periodic in the in-plane
variables x1 and x2 with period [0; 1]2. So d scales like
the typical grain size. Further, since we wish to model
martensites, '(F; �; �; �) may have a multi-well structure
and consequently nonconvex. Note that we have in-
cluded the interfacial energy of the type �2jr2~yj2. Min-
imizers of the energy (2) have oscillations on a length
scale that scale with � and hence we call � the length-
scale of the microstructure. We are interested in �nding
the limiting behavior of the �lm when all length scales
�; d and h tend to zero. Therefore, we take

� = �(h) > 0; d = d(h) > 0;
limh!0 �(h) = 0; limh!0 d(h) = 0;

(3)

and assume that they have �xed limiting ratios:

� = lim
h!0

�

d
; � = lim

h!0

h

d
; �0 = lim

h!0

�

h
: (4)

Our approach is variational. We study the \varia-
tional limit" of (2) as h tends to zero. Since the energy
de�ned in (2) scales like h as h tends to zero, we shall
be interested in the limiting energy per unit thickness;
i.e.,

~e
(h)
1 =

1

h
~e(h):

We expect the minimum values and the minimizers of

the functional ~e
(h)
1 to converge to those of a \limiting

energy" ~e
(0)
1 which we seek to �nd. In this context, the

natural tool is �-convergence as proposed by De Giorgi
[10] and De Giorgi and Franzoni [11] which under a suit-
able technical hypothesis is nearly identical to that of
convergence of minimizers. Using this notion, we show
that the limiting energy is always given by

~e
(0)
1 [y] =

Z
S

�'

�
@y

@x1
;
@y

@x2

�
dx1dx2; (5)

Texture
Recoverable Strains (%)

Ti-Ni Cu-Zn-Al

long 
at long 
at
random 2.3 2.3 1.7 1.7
f111g �lm 5.3 8.1 1.9 5.9
f100g �lm 2.3 2.3 7.1 7.1
f110g �lm 2.3 2.3 1.7 1.7

Table 1: The predicted uniaxial recoverable extension for

various textures in thin �lms.

where �' is the e�ective energy density and only depends
on the in-plane gradient of deformation y and not ex-
plicitly on the position. It describes the overall behavior
of the heterogeneous thin �lm after taking into account
the martensitic microstructure, grains and multilayers.

Finally, note that this is a two-dimensional problem
rather than a three-dimensional problem and �' depends
only on the in-plane derivatives of the deformation. So,
if we knew �', (5) is a much easier problem than (2).
A detailed characterization of �' is provided in Shu [9].
Here, we discuss the main features and use it to study
speci�c examples. The most important �nding is that
�' depends qualitatively on the relative magnitudes of
length scales or on the ratios of �

d
, h
d
and �

h
.

3 Results

3.1 Films with Columnar Grains

Shape-memory thin �lms are often made by sputter-
ing [1]{[3], [12]. The grains in these �lms are typically
columnar (eg., see Figure 2 of [2]). Further, the mi-
crostructure is usually smaller than the grains (eg., see
Figure 5 in [12]). So we assume that ' = ' (ry; x1; x2)
in (2) and d >> �. We can show that the behavior of
the �lm depends on the ratio of the �lm thickness h to
the typical size of grains d. Table 1 contrasts the behav-
ior of �lms with long or rod-like (h >> d) grains and
�lms with 
at or pan-cake shaped (h << d) grains. It
lists the predicted recoverable strains for �lms with dif-
ferent textures in Ti-Ni and Cu-Zn-Al. Note that they
are larger for 
at grains compared to long grains. We
also note here that neither the random nor f110g tex-
ture which is common for BCC materials [1], [3] are ideal
textures for large recoverable strain. The ideal textures
appear to be f100g for Cu-Zn-Al (this texture can be
produced by melt-spinning) and f111g for Ti-Ni.

We now brie
y explain the ideas behind these results.
Consider �rst the case h << d. The grains are 
at and
thin and have a \pan-cake" shape. The intergranular
constraints are now only in-plane; any out-of-plane in-
compatibility is easily overcome with very small elastic
energy. Further, within each grain the interface con-
dition is an \invariant line" rather than an \invariant
plane" condition. Therefore, the e�ective behavior of
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Figure 2: The recoverable extension versus aspect ratio of

the grain h

d
for a polycrystalline thin �lm with a periodic tex-

ture containing two orientations: \grey" and \white" colum-

nar grains.

the �lm is obtained by taking the thin-�lm limit and
then homogenizing in the plane of the �lm. Indeed, the
e�ective energy density can be shown to be [9]

�'(�F) = inf
k2IN

!

�

Z
kX

'0(�F+rp!;xp)dxp;

'0(�F;xp) = inf
b2IR3

'(�Fjb;xp);

where X = (0; 1)2, xp = (x1; x2), �F 2 IM3�2 and rp is
the in-plane gradient operator such that rp! = !;1 

e1 +!;2 
 e2.

We now turn to another extreme case h >> d. The
grains are now long and rod-like; and it is no longer pos-
sible to overcome out-of-plane constraints. Therefore,
the intergranular constraints are fully three-dimensional.
Consequently, the e�ective behavior is obtained by ho-
mogenizing in three dimensions and then taking the
thin-�lm limit. Thus, the recoverable strains for such
�lms is essentially the same as bulk materials. The ex-
plicit form of the e�ective energy density in this case
can be shown to be [9]

�'(�F) = Q'H0 (�F);

'H0 (�F) = inf
b2IR3

'H(�Fjb);

'H (F) = inf
k2IN

!̂

�

Z
kX̂

'(F+r!̂;xp)dx

whereQ'H0 (�F) is the lower quasi-convex envelope of '
H
0 ,

X̂ = (0; 1)3, F = (�Fjb) 2 IM3�3 and r is a 3D gradient
operator such that r !̂ = !̂;1
e1+ !̂;2
e2+ !̂;3
e3.

While these extreme cases are instructive, the �lm
thickness and the grain size are on the same order of
magnitude in sputtered �lms. The analysis is then dif-
�cult but re
ects the trends suggested by the extreme
cases. Let us use the following example to demonstrate
it. Consider a two-dimensional polycrystalline �lm with
a texture containing two orientations (\grey" and \white"
grains) as shown in Figure 2. Assuming that the marten-
site has two variants, we can calculate the recoverable
strain exactly for any value of the ratio h

d
. The result

is shown schematically in Figure 2. The dependence
is striking, and the recoverable strain is maximum at

κ << 1
h

_κ >> 1
h

_
λ

Figure 3: The e�ective behavior of a multilayer thin �lm is

determined by the energies above for small and large values

of �

h
.

h
d
= 0 (
at grains) and minimum at h

d
=1 (long grains)

as expected.
Before closing this subsection, we should mention the

e�ect of the ratio �
d
of the size of the microstructure to

that of the grain. Above, we took this ratio to be zero;
however, this may not be true when the grain size be-
comes very small (on the order of tens of nanometer).
We can show that if � >> d, it costs materials more en-
ergy to form microstructure inside each grain and conse-
quently strains can not be recovered unless the texture
is exceptional. Once again, the analysis on the case of
comparable � and d is di�cult but it interpolates the
two extreme cases.

3.2 Multilayers

Consider a multilayer �lm made up of a �nite num-
ber of alternating layers of a martensitic material and
a purely elastic material. Let � be the volume fraction
of the martensitic material and let �m be the mismatch
strain of the elastic material relative to the austenite
phase of the martensitic material. The e�ective behavior
is some combination of the behavior of these two materi-
als; however, the nature of the behavior depends on the
ratio �

h
of the microstructure size to the thickness. Fig-

ure 3 shows the behavior for small and large �
h
assuming

a two-variant martensite for simplicity. The dark line is
the energy of the martensitic material and the thick light
line is the energy of the elastic material. The behavior
of the multilayer is shown by lines of increasing greylevel
for decreasing volume fraction � (also see [7]). For small
�
h
, the martensitic material freely forms microstructure

and the multilayer is like an elastic material with soft-
modulus. For large �

h
on the other hand, the multilayer

behaves like a phase transforming material: it has two
variants with transformation strains which may be dif-
ferent from those of the original martensitic material,
and one variant is preferred over the other. Hence, this
multilayer �lm will display a two-way SME. Further no-
tice that the multilayer is internally stressed so that the
minimum energy is not zero. Finally, the multilayer
can form \macroscopic twins": these are not twins con-
�ned to the martensitic material but encompass both
the elastic and the martensitic material. Thus, multi-
layers promise to be a means of making apparently new



materials.

4 Conclusion

1. The behavior of heterogeneous thin �lms can not
be predicted solely from that of identical bulk ma-
terials and can critically depend on the relative
magnitudes of di�erent material length scales.

2. Common sputtering texture is not ideal for shape-
memory e�ect in both Ti-Ni and Cu-Zn-Al thin
�lms (Table 1).

3. Flat grains are preferable to long grains in colum-
nar �lms (Figure 2).

4. Multilayer thin-�lms provide a promising avenue
for making materials with novel properties (Fig-
ure 3).
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