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ABSTRACT

In contrastwith theconverging lengthscalesof atomistic
simulationsandexperimentalnanoscience,large time scale
discrepanciesstill remain,dueto thetime-scalelimitationsof
moleculardynamics.We briefly review two recentlydevel-
opedmethods,derivedfrom transitionstatetheory, for accel-
eratingmoleculardynamicssimulationsof infrequent-event
processes.Thesetechniques,parallel replicadynamicsand
hyperdynamics,canreachsimulationtimesseveralordersof
magnitudelongerthandirect moleculardynamicswhile re-
tainingfull atomisticdetail.
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1 INTRODUCTION

Atomistic simulationtechniquesareplaying an increas-
ingly importantrole asthe continually increasingcomputer
power on the onehand,andon the other the nanotechnol-
ogydrive(exemplifiedby thisconference)whichis shrinking
device sizesinto the nanometerregime, are togetherelim-
inating the “length-scalegap” betweensimulationand ex-
periment.Indeed,micron-sizedfeaturescannow bedirectly
simulatedusingclassicalmoleculardynamics(MD) with a
billion ( ����� ) or moreatoms.However, thetimescaleof such
simulationsis still constrainedby theneedto resolveindivid-
ual atomicvibrations,limiting theincrementaltimestepto a
few femtoseconds,atmost.Millions of timestepsarethusre-
quiredto reachevenananosecond timescale,still severalor-
dersof magnitudeshortof thetypical millisecondswitching
time of MEMS devices,not to mentionthesecondsto hours
over whichvapor-depositedthin film growth anddopantdif-
fusion take place. The importanceof extending the time
scaleof atomisticsimulationsto accuratelycapturelong-time
dynamicalprocessesis further describedelsewherein these
proceedings[1].

Recently, several new approacheshave beendeveloped
whichcanextendtheaccessibletimescaleby ordersof mag-
nitude relative to direct moleculardynamics,while retain-
ing full atomisticdetail for systemsin which the long-time
dynamicalevolution is characterizedby a sequenceof infre-
quentactivated,or diffusive,events[2]. As shown schemat-

Figure1: An infrequent-eventsystem.

ically in Fig. 1, a typical trajectorymay wanderaroundin
a potentialbasinfor many (perhapsa hugenumberof) vi-
brationalperiods.Eventually, whenenoughenergy hasbeen
localizedinto a reactive mode,thetrajectorypassesthrough
a dividing surface,enteringanotherstate. During this brief
periodof excitation, it mayrecrossthedividing surface,but
shortly thereafterit settlesinto thenew state(or theoriginal
stateif it recrosses),beginninga new sessionof vibrational
wandering,with no memoryof how it arrived in that state.
Although it maynever againvisit this state,and“sees”only
asingledividing surfaceasit exits, it nonethelesschoosesan
escapedirection(relative to otherpossibleescapedirections)
with thecorrectprobability. Thispropertyof any infrequent-
eventsystem,that a trajectorywill automaticallychoosean
appropriateescapepathwith no prior information,is theba-
sic conceptexploited in the accelerateddynamicsmethods.
Thekey is to coaxthetrajectoryinto makingthischoicemore
quickly without corruptingthe relative escapeprobabilities
(i.e.,therateconstantsfor escapeto variousstates).Twosuch
techniquesarebriefly reviewedhere,parallelreplicadynam-
ics [3] andhyperdynamics[4], [5]; a third approach,temper-
atureaccelerateddynamics(TAD) [6], is reviewedelsewhere
in this volume[7].
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Figure2: Schematicillustrationof theparallelreplicamethod.Thefour steps,describedin the text, are(A) replicationof the
systeminto � copies,(B) dephasingof the replicas,(C) independenttrajectoriesuntil a transitionis detectedin any of the
replicas,and(D) brief continuationof thetransitioningtrajectoryto allow for correlatedeventssuchasrecrossingsor follow-on
transitionsto otherstates.Theresultingconfigurationis thenreplicated,beginningtheprocessagain.

2 PARALLEL REPLICA DYNAMICS

Theparallelreplicamethod[3] is thesimplestandmost
accurateof the accelerateddynamicstechniques,with the
only assumptionbeingthatof infrequenteventsobeyingfirst-
orderkinetics(exponentialdecay);i.e., for any time greater
than ��������� after enteringa state,the probability distribution
functionfor thetime of thenext escapeis givenby

���! #"�$&%('*)+���#,-%� #" (1)

where % is the rateconstantfor escape.For example,Eq. 1
arisesnaturallyfor ergodic,chaoticexplorationof anenergy
basin. The generalapproachis shown in Fig. 2. Starting
with an . -atomsystemin aparticularstate(basin),theentire
systemis replicatedon eachof � availableparallelor dis-
tributedprocessors.After a shortdephasingstage( /  �02143*5 )
duringwhichmomentaareperiodicallyrandomizedto elim-
inate correlationsbetweenreplicas,eachprocessorcarries
out an independentconstant-temperatureMD trajectoryfor
theentire . -atomsystem,thusexploringphasespacewithin
the particularbasin � times fasterthana single trajectory
would. Whenever a transitionis detectedon any processor,
all processorsarealertedto stop.(Onewayto recognizetran-
sitionsis to periodically, sayevery 10 or 100timesteps,per-
form a steepestdescentor conjugategradientquenchof the
currentconfigurationuntil it canbeascertainedwhetherthis
descentis leadingtowardstheoriginalbasinor to a different
one.) Thesimulationclock is advancedby theaccumulated
trajectorytime summedover all replicas,i.e., the total time
spentexploring phasespacewithin thebasinuntil anescape
pathway is found.

The parallel replica methodalso correctly accountsfor
correlateddynamicalevents, in which a trajectoryquickly
recrossesbackto theoriginal state,or skipson to a different
state,beforeequilibratingin the new basin. This is accom-
plishedby allowing the transitioningtrajectoryto continue
on its processorfor a further amountof time /  �����6� , dur-
ing which recrossingsor follow-on eventsmay occur. The

simulationclock is thenadvancedby /  �����6� , the final state
is replicatedon all processors,andthe whole processis re-
started.Thisoverall procedurethengivesexactstate-to-state
dynamicalevolution,becausetheescapetimesobey thecor-
rectprobabilitydistributionandrelativeprobabilitiesfor dif-
ferentescapepaths,andthecorrelateddynamicaleventsare
properlyaccountedfor.

The efficiency of the methodis limited by both the de-
phasingstage,whichdoesnotadvancethesystemclock,and
the correlatedeventstage,duringwhich only oneprocessor
accumulatestime. (This is illustratedschematicallyin Fig.2,
wheredashedline trajectoriesadvancethe simulationclock
but dottedline trajectoriesdo not.) Thus, the overall effi-
ciency will behighwhen
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where �C�27:9 is thetypical eventtime, althoughvarioustricks
canlessenthisrequirementat theexpenseof somewhatmore
complicatedprogramming[2], [3].

Parallelreplicadynamicshastheadvantageof beingfairly
simpleto program,with veryfew “knobs” to adjust– /  �02143*5
and /  �����6� , which canbeconservatively setat a few ps for
most systems. The replica trajectoriescan themselves be
acceleratedtrajectories,using, for instance,hyperdynamics
(discussednext) on eachprocessor, resultingin multiplica-
tive boostfactors[8]. As multiprocessingenvironmentsbe-
comemoreubiquitous,with moreprocessorswithin a node
or evenonachip,andlooselylinkedBeowulf clustersof such
nodes,parallelreplicadynamicswill becomeanincreasingly
importantsimulationtool. Already, Birner et al [10] have
usedparallel replicadynamicswith up to 32 processorsto
studythegrowth of silicon interstitial clusters,scanningfor
trappinganddiffusionmechanismsmuchmorequickly than
they could have with conventionalMD. Parallel replicady-
namicsis alsobeingusedto reducetheaccessiblestrainrate
in studiesof thetensileloadingof carbonnanotubes[11].



3 HYPERDYNAMICS

In hyperdynamics
D

[4], [5], onemodifiesthepotentialsur-
face E �GFH" of thesystemby addinganonnegativebias poten-
tial /IE �GFH" , asshown schematicallyin Fig. 3. A constant-
temperaturetrajectory is then propagatedon this modified
surface.Assumingthatcertainconditionshold, namelythat
the systemobey transitionstatetheory (i.e., no correlated
events)on both the biasedand unbiasedpotentialsurfaces
andthat the biaspotentialvanishat all of the dividing sur-
faces,then this trajectory, while relatively meaninglesson
vibrationaltime scales,evolvescorrectly from stateto state
at anacceleratedpace.Theevolution is correctin thesense
that the probability of observingany particularsequenceof
statesis thesamefor a simulationon thebiasedpotentialas
for the unbiasedpotential; it canbe readily shown [4] that
thebiaspotentialdoesnot changetherelative TST ratesfor
differentescapepathsfrom agivenstate.

An importantresultof hyperdynamicsis thattheacceler-
atedtime is easilyestimatedasthesimulationproceeds.For
aregularMD trajectory, thetimeadvancesateachintegration
stepby /  #JLK , theMD time step(e.g., M 1 fs). In hyperdy-
namics,the time advanceat eachstepis /  #JLK multiplied
by aninstantaneousboostfactor, theinverseBoltzmannfac-
tor for the biaspotentialat thatpoint, so that the total time
after N integrationstepsis
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Time thustakeson a statisticalnature,advancingmonotoni-
cally but nonlinearly. In the long-timelimit, it convergeson
thecorrectvaluefor theacceleratedtime with vanishingrel-
ative error. Theoverall computationalspeedupis thengiven
by theaverageboostfactor,
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(theaverageis overthetrajectoryonthebiasedpotential),di-
videdby theextra computationalcostof calculatingthebias
potentialandits derivatives. (This computationaloverhead
is typically expressedin thenumberof MD forceevaluations
pertimestep,which is onefor ordinaryMD.)

The ideal bias potential shouldgive a large boost fac-
tor, shouldhavelow computationaloverhead(althoughmore
overheadis acceptableif the boostfactor is very high), and
shouldto agoodapproximationmeettherequirementsgiven
above. This is very challenging,sincewe want,asmuchas
possible,to avoid utilizing any prior knowledgeof the di-
viding surfacesor the availableescapepaths. Two distinct
classesof biaspotentialshave beenusedto date: “flat” bi-
asesandHessian-basedones.

Thesimplest,andcheapest,biaspotentialis theflat one
proposedby Steineret al [13]. In this approach,onespec-
ifies in advancea fixed energy E�bCced:f , which is higher than
the basinminimum but lower thanthe energy of the lowest
saddlepoint. (In caseswhereone doesnot have advance
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Figure 3: Schematic illustration of the hyperdynamics
method. A bias potential ( /gE �WFH" ), is addedto the origi-
nal potential( E �WFH" , solid line). Provided that /IE �GFH" meets
certainconditions,primarily that it be zeroat the dividing
surfacesbetweenstates,a trajectoryon the biasedpotential
surface( E �GFH"�@ /IE �WF�" , dashedline) escapesmorerapidly
from eachstatewithout corruptingthe relative escapeprob-
abilities. Theacceleratedtime is estimatedasthesimulation
proceeds.

knowledgeaboutthe systemunderinvestigation, E b*c d:f can
beslowly rampedupasonebecomesmoreconfidentabouta
lower boundon any saddlepointsexiting the currentbasin
[8].) As the trajectorypropagates,if the potentialenergy
E �GFH" is greaterthan E<b*c d:f , the biaspotentialis zero. How-
ever, if E �GFH" is below E<b*c d:f , thebiasedsurfacebecomesflat
( E @ /IE $ E bCced:f ), andthetrajectoryskatesacrosstheiceon
thepond.Whenthebiasis turnedon, theenergy derivatives
neednot be calculated- the total force is zero,andconse-
quentlythisapproachactuallyreduces theaveragenumberof
forceevaluationsper timestepcomparedwith ordinaryMD!
They demonstratedthis approachfor a 2-D model system
andfor a Lennard-Jonesrealizationof adatomdiffusion on
a smallfcc(100)substrate(9 moving atoms).

Becausethe averageenergy (relative to the basinmini-
mum)of asystemgrowslinearlywith thenumberof degrees
of freedom,a flat bias potentialset below the lowest bar-
rier will give vanishingboostfor large systems;the system
will only rarelyhaveapotentialenergy lower than E b*c d:f . In-
deed,to obtainasubstantialboostfor theirsmallfcc(100)ter-
racediffusionsystem,Steineretal [13] hadto put E<b*c dPf well
above thelowestsaddlepoint, requiringthecalculationof a
“numeratorcorrection”(involving prior knowledgeof thedi-
viding surface)to obtainaccuratehoppingrates.This is an
exampleof how our intuition canmisleadus if we visualize
a low-dimensionalsystem.The thermalcontribution to the
total potentialenergy in a largesystem( M �!h . ,ihj"#%�Zk[ ;�l )
is almostalwaysgreaterthanthelowestbarrier, but thesys-
temonly goes“over” thebarrierwhenit hasenoughenergy
in theparticularmodecorrespondingto the reactioncoordi-
nate.For similarreasoning,however, for asystemwith many
dimensions,it becomessafeto set E�bCced:f somewhatabovethe
lowestbarrier [13], sincethe transitionstatesubsystemhas



an averagepotentialenergy of �!h . ,&mj"#% Z [ ;�l . This ap-
proachhasnot beenexploredin detail,althoughChoudhary
andClancy [15] haveshown in annealinganamorphoussili-
consystemthatsuchaflat biascanbeeffective for gaininga
smallbut usefulboostfactorwith little programminginvest-
ment,evenfor asystemwith hundredsof atoms.

Greaterboostscanbe achieved,albeit at the expenseof
agreatercomputationaloverhead,if somelocalpropertiesof
E �GFH" aretakeninto account.For example,thebiaspotentials
in the original hyperdynamicspaper[4] werebasedon the
lowesteigenvalue( n T ) of the Hessian(the matrix of deriva-
tives o�pqEr;qo )<s o ) R ). Thebiaspotentialwasmadepositivefor
regionswheren TAt � , andzeroelsewhere,exploiting thefact
that n T is positive nearthebottomof a basinandnegative at
saddlepoints. For a periodic2-D modelsystem,this gave
substantialboosts(in thethousandswhen % Z [ was M 1/20of
the barrierheight)andexcellentaccuracy, evenwhensome
recrossingswere present. A Ni/Ni(100) adatomdiffusion
problemat [ = 500K yieldedboostfactorsof 40 to 400for
variousbiaspotentials(only 9 moving atomswereincluded,
to reducethecostof diagonalizingtheHessianmatrix).

However, a biaspotentialrequiringa diagonalizationof
thefull h . -dimensionalHessianat everytimestepbecomes
prohibitively expensiveas . is increasedbeyonda few tens
of atoms.Moreover, exceptfor certainvery simplesystems,
thefractionof configurationspacewith n Tut � decreasesas
. increases,sothattheboostvanishesfor largesystems.For
this reason,the biaspotentialandits calculationweremod-
ified in a coupleof waysto addresstheseissues[5]. First,
a moresophisticatedform for the biaspotentialwasdevel-
oped,which goessmoothlyto zeroin the proximity of any
ridgetop. Following the proposalof Sevick et al [12], the
systemis assumedto be at a ridgetopwhen n T&v � andw T 3L$ � , wherew T 3 is theprojectionof thegradientontothe
lowesteigenvector. This definition is not guaranteedto co-
incidewith theexactridgetopbetweenbasins,but it is exact
at a saddlepoint anda goodapproximationnearby. Second,
an interative approachwas developedto obtain n T and w T 3
andthe necessaryderivativesby usingonly first derivatives
of the potential,thereforeeliminatingthe needto diagonal-
ize the Hessian,or even to constructit. This biaspotential
hasbeensuccessfullyappliedto systemswith hundredsof
moving atoms,with reasonablecomputationaloverheadsof
10 to 100forceevaluationspertimestep,althoughnumerical
convergenceissues(particularly for the derivativesof w T 3 )
remainasubjectof ongoingwork.

Anotherpromisingavenueof researchinvolvesthelocal
biasapproachesproposedby severalgroups[9], [13], [14]; in
thesetechniquesthe biaspotentialis basedon the potential
energy or Hessianonly in theimmediatevicinity of a known
defect,suchasanadatomor vacancy.

4 CONCLUSIONS

Bothof thetechniquesdiscussedhere,aswell asTAD [6],
[7], show greatpromisefor reducingandin somecaseselim-

inatingthetime-scalegapbetweenMD andexperiment.The
impressiveboostfactorswhichhavebeendemonstratedthus
far usingthevariousflavorsof biaspotentialsarequite tan-
talizing,andshouldmotivatefutureinvestigationsinto more
powerful biaspotentials.
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