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ABSTRACT

In contraswith thecorverging lengthscalesof atomistic
simulationsand experimentalnanosciencelarge time scale
discrepanciestill remain,dueto thetime-scaldimitationsof
moleculardynamics. We briefly review two recentlydevel-
opedmethodsderivedfrom transitionstatetheory for accel-
eratingmoleculardynamicssimulationsof infrequent-eent
processes.Thesetechniquesparallel replicadynamicsand
hyperdynamicscanreachsimulationtimesseveralordersof
magnitudelongerthandirect moleculardynamicswhile re-
tainingfull atomisticdetail.
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1 INTRODUCTION

Atomistic simulationtechniquesare playing an increas-
ingly importantrole asthe continuallyincreasingcomputer
power on the one hand,and on the otherthe nanotechnol-
ogydrive (exemplifiedby thisconferencejvhichis shrinking
device sizesinto the nanometerregime, are togetherelim-
inating the “length-scalegap” betweensimulationand ex-
periment.Indeed,micron-sizedeaturescannow bedirectly
simulatedusing classicalmoleculardynamics(MD) with a
billion (10?) or moreatoms.However, thetimescaleof such
simulationgs still constrainedby theneedto resohe individ-
ual atomicvibrations,limiting theincrementatimestepto a
few femtosecondsat most. Millions of timestepsrethusre-
quiredto reachevena nanosecond timescalestill severalor-
dersof magnitudeshortof thetypical millisecondswitching
time of MEMS devices,notto mentionthe secondgo hours
over which vapordepositedhin film growth anddopantdif-
fusion take place. The importanceof extendingthe time
scaleof atomisticsimulationgo accuratelycapturdong-time
dynamicalprocessess further describecelsevherein these
proceeding$l].

Recently several new approachehave beendeveloped
which canextendtheaccessibléime scaleby ordersof mag-
nitude relative to direct moleculardynamics,while retain-
ing full atomisticdetail for systemsn which the long-time
dynamicalevolutionis characterizedby a sequencef infre-
guentactivated,or diffusive, events[2]. As shovn schemat-

Figurel: An infrequent-gentsystem.

ically in Fig. 1, a typical trajectorymay wanderaroundin
a potentialbasinfor mary (perhapsa huge numberof) vi-
brationalperiods.Eventually whenenoughenegy hasbeen
localizedinto a reactve mode,the trajectorypasseshrough
a dividing surface,enteringanotherstate. During this brief
periodof excitation, it may recrosghe dividing surface,but
shortlythereafteiit settlesinto the new state(or the original
stateif it recrosses)heginning a new sessiorof vibrational
wandering,with no memoryof how it arrived in that state.
Althoughit may never againvisit this state,and“sees”only
asingledividing surfaceasit exits, it nonethelesshoosesn
escapalirection(relative to otherpossibleescapalirections)
with the correctprobability This propertyof any infrequent-
eventsystem thata trajectorywill automaticallychoosean
appropriateescapgathwith no prior information,is the ba-
sic conceptexploitedin the acceleratedlynamicsmethods.
Thekey isto coaxthetrajectoryinto makingthis choicemore
quickly without corruptingthe relative escapeprobabilities
(i.e.,therateconstant$or escapeo variousstates).Two such
techniquesrebriefly reviewedhere parallelreplicadynam-
ics[3] andhyperdynamic$4], [5]; athird approachtemper
atureacceleratedynamicgTAD) [6], is reviewedelsavhere
in this volume[7].



Figure2: Schematidllustration of the parallelreplicamethod. The four steps,describedn thetext, are (A) replicationof the
systeminto M copies,(B) dephasingf the replicas,(C) independentrajectoriesuntil a transitionis detectedn ary of the
replicas,and(D) brief continuationof thetransitioningtrajectoryto allow for correlatedeventssuchasrecrossing®r follow-on
transitionsto otherstates.Theresultingconfigurationis thenreplicated beginningthe processagain.

2 PARALLEL REPLICA DYNAMICS

The parallelreplicamethod[3] is the simplestandmost
accurateof the acceleratedlynamicstechniqueswith the
only assumptiomeingthatof infrequenteventsobeying first-
orderkinetics (exponentialdecay);i.e., for ary time greater
thant., after enteringa state,the probability distribution
functionfor thetime of thenext escapés givenby

p(t) = k cap(—kt) ()

wherek is the rate constanfor escape.For example,Eq. 1
arisesnaturallyfor ergodic,chaoticexplorationof anenegy
basin. The generalapproachis shovn in Fig. 2. Starting
with an N-atomsystemin a particularstate(basin) theentire
systemis replicatedon eachof M availableparallelor dis-
tributed processors After a shortdephasingstage(Atgepr)
duringwhich momentaareperiodicallyrandomizedo elim-
inate correlationsbetweenreplicas,each processorcarries
out an independentonstant-temperatufdD trajectoryfor
theentire V-atomsystemthusexploring phasespacewithin
the particularbasin M timesfasterthan a single trajectory
would. Whenever a transitionis detectedon ary processar
all processorarealertedto stop.(Onewayto recognizdran-
sitionsis to periodically sayevery 10 or 100timestepsper
form a steepestlescenbr conjugategradientquenchof the
currentconfigurationuntil it canbe ascertainedvhetherthis
descents leadingtowardsthe original basinor to a different
one.) The simulationclock is advancedby the accumulated
trajectorytime summedover all replicas,i.e., the total time
spentexploring phasespacewithin the basinuntil anescape
pathway is found.

The parallel replica methodalso correctly accountsfor
correlateddynamicalevents,in which a trajectory quickly
recrossedackto the original state,or skipson to a different
state,beforeequilibratingin the new basin. This is accom-
plishedby allowing the transitioningtrajectoryto continue
on its processoifor a further amountof time At.op», dur
ing which recrossingr follow-on eventsmay occut The

simulationclock is thenadvancedby At.,., the final state
is replicatedon all processorsandthe whole processs re-
started.This overall proceduréghengivesexactstate-to-state
dynamicalevolution, becausé¢he escapdimesobey the cor-
rectprobability distribution andrelative probabilitiesfor dif-
ferentescapgpaths,andthe correlateddynamicaleventsare
properlyaccountedor.

The efficiengy of the methodis limited by both the de-
phasingstage which doesnotadvancethesystemclock,and
the correlatedevent stage during which only one processor
accumulateime. (Thisis illustratedschematicallyn Fig. 2,
wheredashedine trajectoriesadvancethe simulationclock
but dottedline trajectoriesdo not.) Thus, the overall effi-
ciengy will behighwhen

Tr:cn/M > Atdeph + Atco‘r‘Ta (2)

wherer,,,, is thetypical eventtime, althoughvarioustricks
canlesserthisrequiremenattheexpenseof somavhatmore
complicatedorogramming?2], [3].

Parallelreplicadynamicshastheadvantageof beingfairly
simpleto programwith very few “knobs” to adjust- Atgepn
and At..r», Which canbe conseratively setat a few ps for
most systems. The replica trajectoriescan themseles be
acceleratedrajectories,using, for instance hyperdynamics
(discussedhext) on eachprocessarresultingin multiplica-
tive boostfactors[8]. As multiprocessingervironmentsbe-
comemore ubiquitous,with more processorsvithin a node
orevenonachip,andlooselylinkedBeowulf clustersof such
nodesparallelreplicadynamicswill becomeanincreasingly
importantsimulationtool. Already, Birner et al [10] have
usedparallel replicadynamicswith up to 32 processorgo
studythe growth of silicon interstitial clusters,scanningfor
trappinganddiffusion mechanismsnuchmorequickly than
they could have with corventionalMD. Parallel replicady-
namicsis alsobeingusedto reducethe accessiblestrainrate
in studiesof thetensileloadingof carbonnanotube$11].



3 HYPERDYNAMICS

In hyperdynamic$4], [5], onemodifiesthe potentialsur
faceV (r) of thesystemby addinga nonneyative bias poten-
tial AV (r), asshovn schematicallyin Fig. 3. A constant-
temperaturdrajectoryis then propagatedn this modified
surface. Assumingthat certainconditionshold, namelythat
the systemobey transition statetheory (i.e., no correlated
events)on both the biasedand unbiasedpotential surfaces
andthatthe bias potentialvanishat all of the dividing sur
faces,thenthis trajectory while relatvely meaninglesn
vibrationaltime scalesgvolvescorrectly from stateto state
atanaccelerateghace. The evolutionis correctin the sense
thatthe probability of observingary particularsequencef
stateds the samefor a simulationon the biasedpotentialas
for the unbiasedpotential;it canbe readily shown [4] that
the biaspotentialdoesnot changethe relative TST ratesfor
differentescapegathsfrom a givenstate.

An importantresultof hyperdynamicss thattheacceler
atedtime is easilyestimatecdhsthe simulationproceedsFor
aregularMD trajectorythetime advancesateachintegration
stepby Aty p, the MD time step(e.g.,~1 fs). In hyperdy-
namics,the time advanceat eachstepis Aty p multiplied
by aninstantaneouboostfactor, theinverseBoltzmannfac-
tor for the bias potentialat that point, so thatthe total time
aftern integrationstepsis

thyper = Z Atyp exp[AV(x(t;))/ksT, (3)

i=1

Time thustakeson a statisticalnature ,advancingmonotoni-
cally but nonlinearly In the long-timelimit, it cornvergeson
the correctvaluefor the acceleratedme with vanishingrel-
ative error. Theoverall computationaspeedups thengiven
by the averageboostfactor,

thyper/tup = (exp[AV(r)/kpT])s 4

(theaverages overthetrajectoryonthebiasedpotential) di-
vided by the extra computationatostof calculatingthe bias
potentialandits derivatives. (This computationabverhead
is typically expressedn thenumberof MD forceevaluations
pertimestepwhichis onefor ordinaryMD.)

The ideal bias potential should give a large boostfac-
tor, shouldhave low computationabverheadalthoughmore
overheads acceptabléf the boostfactoris very high), and
shouldto agoodapproximatiommeettherequirementgjiven
above. Thisis very challenging,sincewe want,asmuchas
possible,to avoid utilizing arny prior knowledgeof the di-
viding surfacesor the available escapgaths. Two distinct
classesf bias potentialshave beenusedto date: “flat” bi-
asesaandHessian-basednes.

The simplest,andcheapestbiaspotentialis the flat one
proposedby Steineret al [13]. In this approachone spec-
ifies in advancea fixed enegy Vyiq:, which is higherthan
the basinminimum but lower thanthe enegy of the lowest
saddlepoint. (In caseswhereone doesnot have advance

Figure 3. Schematicillustration of the hyperdynamics
method. A bias potential (AV (r)), is addedto the origi-
nal potential(V(r), solid line). Providedthat AV (r) meets
certainconditions,primarily that it be zero at the dividing
surfacesbetweenstates a trajectoryon the biasedpotential
surface(V (r) + AV (r), dashedine) escapesnorerapidly
from eachstatewithout corruptingthe relative escapeprob-
abilities. The acceleratedime is estimatedasthe simulation

proceeds.

knowledgeaboutthe systemunderinvestigation,Vy;,; can
beslowly rampedup asonebecomesnoreconfidentabouta
lower boundon ary saddlepointsexiting the currentbasin
[8].) As the trajectory propagatesif the potentialenegy
V (r) is greaterthan V4, the bias potentialis zero. How-
ever, if V(r) is below V44, the biasedsurfacebecomedlat
(V+AV = Vy144), andthetrajectoryskatesacrosgheice on
the pond. Whenthe biasis turnedon, the enegy derivatives
neednot be calculated- the total force is zero, and conse-
guentlythisapproachactuallyreducestheaveragenumberof
force evaluationspertimestepcomparedvith ordinaryMD!
They demonstratedhis approachfor a 2-D model system
andfor a Lennard-Jonesealizationof adatomdiffusion on
asmallfcc(100)substrat€9 moving atoms).

Becausehe averageenengy (relative to the basinmini-
mum)of asystemgrows linearly with the numberof degrees
of freedom, a flat bias potential set below the lowest bar
rier will give vanishingboostfor large systemsthe system
will only rarely have a potentialenegy lower thanV;q; . In-
deed;o obtainasubstantiaboostfor theirsmallfcc(100)ter
racediffusionsystem Steineretal [13] hadto put Vy;q; well
above thelowestsaddlepoint, requiringthe calculationof a
“numeratorcorrection”(involving prior knowledgeof thedi-
viding surface)to obtainaccuratehoppingrates. This is an
exampleof how our intuition canmisleadusif we visualize
a low-dimensionalkystem. The thermalcontritution to the
total potentialenegy in alarge system(~(3N — 3)kgT/2)
is almostalwaysgreaterthanthe lowestbarrief but the sys-
temonly goes“over” the barrierwhenit hasenoughenegy
in the particularmodecorrespondingo the reactioncoordi-
nate.For similarreasoninghowever, for asystemwith mary
dimensionsit becomesafeto setVy;,; somevhatabovethe
lowestbarrier[13], sincethe transitionstatesubsystenhas



an averagepotentialenegy of (3N — 4)kgT/2. This ap-
proachhasnot beenexploredin detail, althoughChoudhary
andClangy [15] have shavn in annealinganamorphousili-
consystemthatsucha flat biascanbeeffective for gaininga
smallbut usefulboostfactorwith little programmingnvest-
ment,evenfor asystemwith hundredf atoms.
Greaterboostscanbe achiesed, albeit at the expenseof
agreatercomputationabverheadif somelocal propertiesof
V (r) aretakeninto account.For example thebiaspotentials
in the original hyperdynamicgaper[4] were basedon the
lowesteigervalue(e;) of the Hessian(the matrix of deriva-
tivesd®V/dz;0z ;). Thebiaspotentialwasmadepositive for
regionswheree; > 0, andzeroelsevhere exploiting thefact
thate; is positive nearthe bottomof a basinandnegative at
saddlepoints. For a periodic 2-D model system,this gave
substantiaboostg(in thethousandsvhenkgT was~1/200f
the barrierheight)and excellentaccurag, evenwhensome
recrossingswvere present. A Ni/Ni(100) adatomdiffusion
problemat7T = 500K yieldedboostfactorsof 40to 400 for
variousbiaspotentials(only 9 maving atomswereincluded,
to reducethe costof diagonalizinghe Hessiammatrix).
However, a bias potentialrequiring a diagonalizatiornof
thefull 3 N-dimensionaHessiarat everytime stepbecomes
prohibitively expensve asN is increasedeyonda few tens
of atoms.Moreover, exceptfor certainvery simplesystems,
thefraction of configurationspacewith ¢; > 0 decreaseas
N increasessothattheboostvanishedor largesystemsFor
this reasonthe biaspotentialandits calculationwere mod-
ified in a coupleof waysto addresgheseissues[5]. First,
a more sophisticatedorm for the bias potentialwas devel-
oped,which goessmoothlyto zeroin the proximity of any
ridgetop. Following the proposalof Sevick et al [12], the
systemis assumedo be at a ridgetopwhene; < 0 and
g1p = 0, whereg, , is the projectionof the gradientontothe
lowesteigervector This definitionis not guaranteedo co-
incide with the exactridgetopbetweerbasinsbut it is exact
ata saddlepoint anda goodapproximatiomearby Second,
an interatve approachwas developedto obtaine; and g,
andthe necessarylerivativesby usingonly first derivatives
of the potential,thereforeeliminatingthe needto diagonal-
ize the Hessian,or evento constructit. This bias potential
hasbeensuccessfullyappliedto systemswith hundredsof
moving atoms,with reasonableomputationabverheadof
10to 100forceevaluationgpertimestepalthoughnumerical
corvergenceissues(particularly for the dervatives of gi,)
remaina subjectof ongoingwork.
Anotherpromisingavenueof researchnvolvesthelocal
biasapproacheproposedy severalgroupd9], [13],[14]; in
thesetechniqueghe bias potentialis basedon the potential
enepy or Hessiaronly in theimmediatevicinity of aknown
defect,suchasanadatomor vacang.

4 CONCLUSIONS

Bothof thetechniquesliscussediere aswell asTAD [6],
[7], shav greatpromisefor reducingandin somecaseslim-

inatingthetime-scalegapbetweerMD andexperiment.The
impressve boostfactorswhich have beendemonstratethus
far usingthe variousflavors of biaspotentialsare quite tan-
talizing, andshouldmotivatefuture investigationsnto more
powerful biaspotentials.
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